Linear Models of Supersymmetric D-Branes by Hori, Kentaro
ar
X
iv
:h
ep
-th
/0
01
21
79
v1
  1
9 
D
ec
 2
00
0
October 24, 2018 HUTP-00/A051
hep-th/0012179
Linear Models of Supersymmetric D-Branes
Kentaro Hori
Jefferson Physical Laboratory, Harvard University
Cambridge, MA 02138, U.S.A.
Abstract
We construct a class of supersymmetric boundary interactions in N = 2
field theories on the half-space, which depend on parameters that are not at
all renormalized or not renormalized in perturbation theory beyond one-loop.
This can be used to study D-branes wrapped on a certain class of Lagrangian
submanifolds as well as holomorphic cycles. The construction of holomorphic
D-branes is in close relationship with the background independent open string
field theory approach to brane/anti-brane systems. As an application, mirror
pairs of Lagrangian and holomorphic D-branes are identified. The mirror pairs
are studied by twisting to open topological field theories.
1 Introduction
Let us consider the 1 + 1 dimensional U(1) gauge theory of charge 1 complex scalar
fields φ1, . . . , φN with the following action
S =
1
2π
∫
d2x
{
−
N∑
i=1
|Dµφi|2 +D
(
N∑
i=1
|φi|2 − r
)
+ θv01
}
. (1.1)
Here D is an auxiliary field and v01 = ∂0v1 − ∂1v0 is the fieldstrength of the U(1) gauge
potential vµ. Eliminating the auxiliary field D we obtain the constraint
N∑
i=1
|φi|2 = r. (1.2)
One can also solve for vµ and, after modding out by the U(1) gauge group action, we obtain
the non-linear sigma model whose target space is the complex projective space CPN−1.
The Theta term θv01 becomes the B-field term which is non-zero for a topologically non-
trivial field configuration. The above gauge theory is called the linear sigma model for
CPN−1.
Linear sigma models have played important roles in understanding several dynamical
aspects of quantum field theories. In recent years, N = 2 supersymmetric linear sigma
models in 1 + 1 dimensions has been used effectively to understand some of the key
aspects of supersymmetric non-linear sigam models and related models. An advantage
in the construction [1] is that the parameters that are not renormalized or renormalized
only at the one-loop level are explicitly identified and simply realized. For instance, in
the supersymmetric generalization of the model (1.1), the complex combination
t = r − iθ (1.3)
appears in a twisted superpotential and it is manifest that it is renormalized only at the
one-loop level. Sigma model on a hypersurface of CPN−1 can also be realized as a gauge
theory and the complex structure parameters enter into the superpotential term, which
is not renormalized and is decoupled from the Kahler class parameters. One can make a
precise statement on the theory only after such an identification of parameters is made.
The proof of mirror symmetry in [2] makes use of this advantage of the construction.
It is natural to ask whether there is a similar construction for theories formulated on
a worldsheet with boundaries. The boundary conditions and interactions are the new
ingredient. Such theories are the relevant models in defining and analyzing open strings
or D-branes in string theory. Recently, great progress has been made in understanding
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several aspects of supersymmetric D-branes [3] in Calabi-Yau and non-geometric compact-
ification. In particular, a lot has been understood and clarified from the worldsheet points
of view [4–19]. (Earlier relevant works are in [20, 21]. See also [22–24] for some studies
from other approaches.) However, we still lack a worldsheet formulation with boundary
interactions depending on parameters that are not renormalized or simply renormalized.
We expect to learn a lot more by having such a formulation.1 The aim of this paper is to
construct such a formulation.
As a basic example, let us consider a D1-brane located at the circle |z|2 = c in the
complex plane C. The worldsheet theory is described in terms of a complex scalar field φ
with the action S = − 1
2π
∫
d2x|∂µφ|2. We impose the following condition at the worldsheet
boundary
(D) |φ|2 = c,
(N) ∂n arg(φ) = 0,
(1.4)
where ∂n is the normal derivative. One can also consider adding the boundary term in
the action
Sa =
a
2π
∫
∂Σ
d arg(φ), (1.5)
which is non-zero for a topologically non-trivial configuration. The boundary condition
breaks the scale invariance of the bulk theory and the parameter c is renormalized at
the one loop level as c(µ) = c(µ′) + log(µ/µ′) [26] (as reviewed in Secion 3.3). In the
supersymmetric generalization of this model, the axial U(1) R-symmetry is anomalous or
the axial rotation shifts the parameter a. This suggests that the parameters c and a are
superpartners of each other and it is natural to consider the complex combination
s = c− ia. (1.6)
We will construct a boundary interaction that induces (1.5) and also yields the boundary
condition (1.4) in such a way that the parameter s enters in some kind of superpotential
term on the boundary. The basic idea is to introduce auxiliary degrees of freedom, just
like D and vµ in the CP
N−1 model, but living only on the worldsheet boundary. When
applied to more general bulk theories, this will lead to the construction of supersymmetric
boundary theories for D-branes wrapped on a class of Lagrangian submanifolds of the
target space. The parameters will be protected from (higher) loop corrections although
they can recive non-perturbative corrections.
Another type of supersymmetric boundary theories correspond to D-branes wrapped
on holomorphic cycles, or those supporting holomorphic vector bundles. We will con-
1A similar point was also made in [25].
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struct simple models that realizes a certain class of such D-branes, where the parameters
characterizing the D-branes enter into a boundary superpotential term. The construction
is closely related to the worldsheet approach to the problem of the tachyon condensation
of unstable D-brane systems [27–29]. (The latter reference was considered in the context
of the background independent open string field theory [30–32].) In this construction, we
will also have boundary degrees of freedom as the essential ingredients. Our construction
gives rise to a simple and explicit realization of a certain class of complexes of sheaves
that has been argued to be the basic elements in supersymmetric D-branes [17].
The rest of the paper is organized as follows. In Section 2, we introduce superspace
formalism on the worldsheet with boundary. In Section 3, the supersymmetric version of
the D1-brane discussed above is studied and it is shown that (1.6) is the chiral parameter.
We then construct a “linear model” for this basic example. In Section 4, we apply the
construction to certain supersymmetric gauge theories. This leads to the worldsheet
definition of a certain class of A-type Lagrangian D-branes in toric manifolds. We also
find the mirror description of such D-branes. In Section 5 we construct the boundary
interactions corresponding to B-type holomorphic D-branes. We start with space-filling
brane/anti-brane system and find the condition for N = 2 worldsheet supersymmetry.
In Section 6, we study B-type D-branes in LG models. We especially study in detail the
properties of D0-branes which are the mirrors of toroidal Lagrangian D-branes.
2 N = 2 Boundary Superspace
In this paper, we consider 1+1 dimensional field theories with (2, 2) supersymmetry in
the bulk, a half of which is preserved by the boundary conditions or boundary interactions.
In order to make the supersymmetry structure manifest and to identify parameters that
are not renormalized or do not receive perturbative renormalization beyond one loop, it
is convenient to introduce the superspace formalism on the worldsheet with boundaries.
2.1 (2, 2) Superspace
To fix the notation, we briefly describe here the superspace formalism for (2, 2) super-
symmetry in the bulk.
The (2, 2) superspace has four fermionic coordinates θ+, θ−, θ
+
, θ
−
, in addition to the
bosonic coordinates x0, x1. The supersymmetry transformations are generated by the
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following differential operators on the superspace,
Q± = ∂
∂θ±
+ iθ
±
∂±, (2.1)
Q± = − ∂
∂θ
± − iθ± ∂±, (2.2)
where ∂± are differentiations by x
± = x0 ± x1;
∂± =
∂
∂x±
=
1
2
(
∂
∂x0
± ∂
∂x1
)
. (2.3)
These differential operators obey the anti-commutation relations {Q±,Q±} = −2i∂±. We
introduce another set of differential operators
D± =
∂
∂θ±
− iθ± ∂±, (2.4)
D± = − ∂
∂θ
± + iθ
± ∂±, (2.5)
which anti-commute with Q± and Q±. These obey the similar anti-commutation relations
{D±, D±} = 2i∂±. Vector R-rotation and axial R-rotation of a superfield are defined by
eiαFV : F(xµ, θ±, θ±) 7→ eiαqV F(xµ, e−iαθ±, eiαθ±) (2.6)
eiβFA : F(xµ, θ±, θ±) 7→ eiβqAF(xµ, e∓iβθ±, e±iβθ±), (2.7)
where qV and qA are numbers called vector R-charge and axial R-charge of F . A chiral
superfield Φ is a superfield which satisfies the equations, D±Φ = 0. It has the follwing
expansion (y± := x± − iθ±θ±)
Φ(xµ, θ±, θ
±
) = φ(y) + θαψα(y) + θ
+θ−F (y). (2.8)
A twisted chiral superfield Φ˜ is a superfield which satisfies D+Φ˜ = D−Φ˜ = 0. It has the
following expansion (y˜± := x± ∓ iθ±θ±)
Φ˜(xµ, θ±, θ
±
) = φ˜(y˜) + θ+χ+(y˜) + θ
−
χ−(y˜) + θ
+θ
−
E(y˜). (2.9)
There are three kind of action functionals of supefields which are invariant under the
supersymmetry transformation δ = ǫ+Q− − ǫ−Q+ − ǫ+Q− + ǫ−Q+. One is the D-term
integral ∫
d2x d4θ K(Fi) =
∫
d2x dθ+dθ−dθ
−
dθ
+
K(Fi), (2.10)
where K(−) is an arbitrary differentiable function of arbitrary superfields Fi. The next
is the F-term integral∫
d2xd2θW (Φi) =
∫
d2x dθ−dθ+W (Φi)
∣∣∣
θ
±
=0
, (2.11)
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where W (Φi) is a holomorphic function of chiral superfields Φi which is called a superpo-
tential. The third is the twisted F-term integral∫
d2x d2θ˜ W˜ (Φ˜i) =
∫
d2x dθ
−
dθ+ W˜ (Φ˜i)
∣∣∣
θ
+
=θ−=0
, (2.12)
where W˜ (Φ˜i) is a holomorphic function of twisted chiral superfields Φ˜i which is called a
twisted superpotential.
Chiral superfields cannot enter into twisted F-term and twisted chiral superfields can-
not enter into F-term. Using the argument of Seiberg [34], one can also show that the
parameters that enters into the superpotential (resp. twisted superpotential) at a high
energy scale cannot enter into the twisted superpotential (resp. superpotential) in the
effective action at a lower energy.
2.2 Superspace Boundaries
Let us put a (2, 2) supersymmetric field theory on the “left half plane”
Σ = R× (−∞, 0], (2.13)
where R and (−∞, 0] are parametrized by the time and spacial coordinates −∞ < x0 <
+∞, −∞ < x1 ≤ 0 respectively. The left half plane Σ has its boundary ∂Σ at
x1 = 0. (2.14)
We suppose that there is an analogous “boundary” in the fermionic coordinates θ±, θ
±
as
well. We now determine what kind of boundary is possible.1
To define a consistent theory, one must impose some boundary condition on the fields.
The boundary condition usually relates the left moving modes and the right moving
modes. In particular, the left moving and the right moving fermions are related to each
other. This suggests that the boundary relates the fermionic coordinates θ+, θ
+
and the
other coordinates θ−, θ
−
. There are essentially two ways to relate them;
(A) θ+ + eiαθ
−
= 0, θ
+
+ e−iαθ− = 0, (2.15)
(B) θ+ − eiβθ− = 0, θ+ − e−iβθ− = 0. (2.16)
1A part of the construction in this section has been made by E. Martinec [35]. In particular, (2.15)
and (2.16) was stated in [35]. We thank him for letting us know about it. Boundary superspace was also
considered in [36] for N = 1 supersymmetry.
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In the above expression, eiα and eiβ are fixed phases. In most of the following dis-
cussion, we shall set these phases trivial, eiα = 1, eiβ = 1. We call (2.14) and (2.15)
A-boundary while (2.14) and (2.16) will be called B-boundary. As we will see below, these
superspace boundaries corresponds to theories in which the following combinations of the
supercharges are conserved;
(A) Q = Q+ + e
iαQ−, Q = Q+ + e
−iαQ−, (2.17)
(B) Q = Q+ + e
iβQ−, Q = Q+ + e
−iβQ−. (2.18)
We shall call the former A-type supersymmetry and the latter B-type supersymmetry.
2.2.1 A-boundary
We develop here the superspace formalism for A-boundary. We set eiα = 1 but the
generalization is straightforward. We first introduce the fermionic coordinates at the
A-boundary as
θ := θ+ = −θ−, θ := θ+ = −θ−. (2.19)
The boundary (2.14)-(2.15) is preserved by ∂0 and the following differential operators
D = D+ +D− = − ∂
∂θ
+ iθ∂0, (2.20)
D = D+ +D− =
∂
∂θ
− iθ∂0, (2.21)
Q = Q+ +Q− = − ∂
∂θ
− iθ∂0, (2.22)
Q = Q+ +Q− = ∂
∂θ
+ iθ∂0, (2.23)
This indeed shows that the supersymmetry preserved by the full theory should be (2.17).
We also note that the boundary (2.15) is invariant under the axial R-rotation whereas the
vector R-rotation rotates the phase eiα defining the boundary (2.15).
The differential operators obey the anti-commutation relations {D,D} = 2i∂0, D2 =
D
2
= 0, and {Q,Q} = −2i∂0, Q2 = Q2 = 0. A boundary superfield is a function of
the boundary coordinates x0, θ and θ, which transforms under A-type supersymmetry
(with parameter ǫ+ = ǫ− = ǫ, ǫ+ = ǫ− = ǫ) by δ = ǫQ − ǫQ. The boundary R-rotation
transforms the boundary superfield F as
F(x0, θ, θ) 7→ eiqγF(x0, e−iγθ, eiγθ), (2.24)
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where q is called the boundary R-charge of F . A boundary superfield Φ is called a
boundary chiral superfield if it obeys
DΦ = 0. (2.25)
A boundary chiral superfield has the following Theta expansion
Φ = φ(x0) + θψ(x0)− iθθ∂0φ(x0). (2.26)
We often call a fermionic boundary chiral superfield a boundary Fermi superfield. Given
a function J(Fi) of boundary superfields Fi, the following integral is invariant under the
supersymmetry variation δ ∫
dx0dθdθ J(Fi). (2.27)
Also, given a boundary Fermi superfield Ψ and a holomorphic function V(Φi) of boundary
chiral superfields Φi, the integral ∫
dx0dθ ΨV(Φ)
∣∣∣
θ=0
, (2.28)
is invariant under the supersymmetry δ. We call V(Φi) a boundary superpotential. The
above term is invariant under the boundary R-rotation if ΦV(Φi) has boundary R-charge
1. We shall sometimes refer to (2.27) and (2.28) as boundary D-term and boundary
F-term respectively.
A bulk superfield restricted to the boundary (2.14)-(2.15) is a boundary superfield.
The boundary R-rotation comes from the axial R-rotation in the bulk. It is easy to see
that a bulk twisted chiral superfield restricted on the A-boundary is a boundary chiral
superfield. The boundary superpotential must be a holomorphic function of the boundary
chiral superfields. This strongly constrains a possible form of quantum corrections, as in
[34], as we will see explicitly in several examples.
2.2.2 B-boundary
We briefly repeat the same thing for B-boundary (we again set eiβ = 1). The fermionic
coordinates at the B-boundary are
θ := θ+ = θ−, θ := θ
+
= θ
−
. (2.29)
The following differential operators preserve the B-boundary (2.14)-(2.16);
D = D+ +D− = − ∂
∂θ
+ iθ∂0, (2.30)
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D = D+ +D− =
∂
∂θ
− iθ∂0, (2.31)
Q = Q+ +Q− = − ∂
∂θ
− iθ∂0, (2.32)
Q = Q+ +Q− = ∂
∂θ
+ iθ∂0, (2.33)
This shows that the supersymmetry preserved by the full theory should be (2.18). We
also note that the boundary (2.16) is invariant under the vector R-rotation whereas the
axial R-rotation rotates the phase eiβ defining the boundary (2.16).
One can develop the boundary superfield formalism identically as in the case of A-
boundary. B-type supersymmetry transformation (with parameter ǫ+ = −ǫ− = ǫ, ǫ =
ǫ+ = −ǫ−) of the superfields is given by δ = ǫQ− ǫQ. A bulk superfield restricted to the
boundary (2.14)-(2.16) is a boundary superfield. The boundary R-rotation comes from
the vector R-rotation in the bulk. A bulk chiral superfield restricted on the B-boundary
is a boundary chiral superfield.
2.3 (1, 1) Superspace and its Boundary
It is useful also to introduce the (1, 1) superspace and its boundary. The (1, 1) super-
space can be defined as a subspace of the (2, 2) superspace:
θ± = iθ±1 , θ
±
1 real. (2.34)
(Again, there is a freedom to change the phase i to i eiν± but we set ν± = 0 for simplicity.)
This subspace can also be defined by the equations θ± + θ
±
= 0 which are preserved by
the differential operators
Q1± := Q± +Q± = −i
∂
∂θ±1
+ 2θ±1 ∂±, (2.35)
D1± := D± +D± = −i
∂
∂θ±1
− 2θ±1 ∂±, (2.36)
These obey the anti-commutation relations such as {Q1±,Q1±} = −4i∂±, {D1±, D1±} =
4i∂±, and {Q1α, D1β} = 0.
The boundary of (1, 1) superspace can be defined as the subspace with x0 = 0, π and
θ+1 = ±θ−1 . We take here the plus sign, θ+1 = θ−1 , so that both A-boundar and B-boundary
(with trivial phases) of the (2, 2) superspace includes thisN = 1 boundary as the subspace
θ + θ = 0. (2.37)
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This subspace is preserved by the differential operators
Q1 := Q1+ +Q1− = Q+Q = −i
∂
∂θ1
+ 2θ1∂0, (2.38)
D1 := D1+ +D
1
− = D +D = −i
∂
∂θ1
− 2θ1∂0, (2.39)
where θ1 := Im θ is the fermionic coordinate of the N = 1 boundary.
It is straighforward to show that for an N = 2 boundary superfield F and for a
boundary Fermi superfield Ψ , we have the identities∫
dθdθF = − i
2
∫
dθ1
[
(D −D)F
]
1
, (2.40)∫
dθ Ψ
∣∣∣
θ=0
= −i
∫
dθ1[Ψ ]1, (2.41)
where [−]1 stands for the restriction on the N = 1 subspace (2.37).
3 A Linear Model: An Example
In this section, we consider the supersymmetric version of the D1-brane in the complex
plane C which was introduced for the bosonic case in Section 1. We first take the standard
approach to the worlsheet theory based on supersymmetric boundary condition. There
we identify the chiral parameter of the theory. We then move on to construct “a linear
model” of such a D-brane. The basic idea is to introduce boundary degrees of freedom and
boundary interactions that impose the boundary condition and also induce the Wilson
line term. We construct the action so that the chiral parameter enters into a boundary
F-term.
The supersymmetric worldsheet theory includes a Dirac fermion fields ψ±, ψ± in ad-
dition to the complex scalar field φ. The action of the system is given by
S =
1
2π
∫
d2x
(
|∂0φ|2 − |∂1φ|2 + i
2
ψ−(
←−
∂
→
0 +
←−
∂
→
1)ψ− +
i
2
ψ+(
←−
∂
→
0 −←−∂→1)ψ+
)
, (3.1)
where ψ
←−
∂
→
µψ := ψ∂µψ−(∂µψ)ψ. If the worldsheet has no boundary, the action is invariant
under the (2, 2) supersymmetry transformations. This is manifest if we express the action
in the (2, 2) superspace. Let Φ be the chiral superfield which has an expansion
Φ = φ(y) + θαψα(y) + θ
+θ−F (y). (3.2)
The action (3.1) is obtained from
S =
1
2π
∫
d2x d4θΦΦ, (3.3)
after an appropriate partial integration and elimination of the auxiliary field F by its
equation of motion.
9
3.1 The Boundary Condition
We now consider the D-brane located at the circle |φ|2 = c in this supersymmetric
theory. We thus formulate the theory on the left half plane Σ = R × (−∞, 0], and
we will find a boundary condition at ∂Σ so that the theory is invariant under A-type
supersymmetry. In the bosonic theory, the D-brane was represented by the boundary
condition (1.4) at x1 = 0. We claim that the boundary condition in the supersymmetric
theory is
ΦΦ = c at A-boundary. (3.4)
By “at A-boundary”, we mean at A-boundary of the (2, 2) superspace: x1 = 0, θ+ =
−θ− = θ and θ = θ+ = −θ− (we set eiα = 1 in (2.15)). In this way of writing, the
condition itself is manifestly invariant under A-type supersymmetry.
In terms of the component fields, the condition (3.4) is expressed as
|φ|2 = c,
iφ
←−
∂
→
1φ+ ψ+ψ+ − ψ−ψ− + Fφ+ φF = 0,
φψ− + ψ+φ = 0,
ψ−φ+ φψ+ = 0,
at x1 = 0. (3.5)
We note that the first equation is identical to the Dirichlet boundary condition for |φ| in
(1.4) while the second equation generalizes the Neumann boundary condition for arg(φ)
in (1.4). It is straightforward to show that the action (3.1) plus the auxiliary term
1
2π
∫
d2x|F |2 is invariant under A-type supersymmetry δ = ǫQ − ǫQ which acts on the
component fields as
δφ = ǫψ− − ǫψ+,
δψ+ = ǫ(2i∂+φ+ F ),
δψ− = ǫ(−2i∂−φ+ F ),
δF = −2iǫ∂+ψ− − 2iǫ∂−ψ+.
δφ = ǫψ+ − ǫψ−,
δψ+ = ǫ(−2i∂+φ+ F ),
δψ− = ǫ(2i∂−φ+ F ),
δF = −2iǫ∂+ψ− − 2iǫ∂−ψ+.
(3.6)
Also, one can show that the equation of motion remains the same as the standard one
(∂20 − ∂21)φ = 0, (∂0 ± ∂1)ψ∓ = 0, F = 0, (3.7)
under the boundary condition (3.5).1
1We notice a slight discrepancy of (3.5) from the condition given in [13] which would require φ∂1φ−
∂1φφ = 0. This is because the requirements (3.2) and (3.3) in [13] was too strong. The most general
condition for the variation is an average of (3.2) and (3.3) but not the separate ones.
10
3.2 The Boundary Term
Due to the boundary condition |φ|2 = c with non-zero c,
ϕ := arg(φ) at x1 = 0 (3.8)
is well-defined up to 2π shifts. Then, it is possible to add to the action (3.1) the following
boundary term
Sa =
∫
∂Σ
a
2π
∂0ϕ dx
0. (3.9)
Since it is a total derivative in the boundary coordinate, it is a topological term. In
particular it cannot break the supersymmetry of the system. Thus the system with the
action S+Sa is still invariant under A-type supersymmetry. The equation of motion also
remains the same as (3.7).
This boundary term represents the interaction of the open string end points and the
U(1) gauge field on the D-brane which has holonomy eia along the worldvolume S1.
3.3 Renormalization and R-Anomaly
Renormalization of c
As mentioned in the introduction, the boundary condition breaks the scale invariance of
the bulk theory and the constant c runs as the scale is varied. The renormalization group
flow for the D-brane location was found in [26] to be the mean curvature flow: Let us
consider a D-brane whose worldvolume is embedded in the space-time by the map f I(ζα)
(where I and α are the space-time and the worldvolume indices). The one-loop beta
functional for the embedding function f I(ζα) is given by
βI = µ
d
dµ
f I = −hαβKIαβ , (3.10)
where hαβ is the induced metric and K
I
αβ is the extrinsic curvature that appears in the
normal coordinate expansion f I = ∂αf
Iζα + 1
2
KIαβζ
αζβ + · · ·. In the present case, the
embedding function for our circle |φ|2 = c is given by x = √2c cos θ, y = √2c sin θ where
x and y are the normal coordinates on the complex φ-plane, φ = (x + iy)/
√
2, and θ
is the angular coordinates of the circle. This shows that hθθ = 1/2c and, say at θ = 0,
Kxθθ = −
√
2c, Kyθθ = 0. Thus, we have µ
d
dµ
√
2c = 1/
√
2c. In other words, the parameter
c at the cut-off scale ΛUV and the one at a lower energy scale µ are related by
c(ΛUV) = c(µ) + log(ΛUV/µ), (3.11)
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at the one-loop level. This is the story for the bosonic model, but the fermions does not
affect the running of c at the one-loop level, as in the case of the RG flow of the metric
in the bulk non-linear sigma models [33].
Axial Anomaly
There is a related quntum effect; the anomaly of the boundary R-symmetry. The bulk
theory is invariant under both vector and axial R-rotations. As mentioned in the previous
section, A-boundary is broken by the vector R-rotation but is preserved by the axial R-
rotation. The axial rotation (with the trivial R-charge for Φ) acts trivially on the bosonic
fields φ and F but non-trivially on the fermions as
ψ± → e∓iγψ±, ψ± → e±iγψ±, (3.12)
and it indeed preserves the boundary condition (3.5). Thus, the boundary R-rotation
that comes from the axial R-rotation is a symmetry of the classical theory. However, in
the quantum theory it is broken by an anomaly. This can be seen by counting, as follwos,
the number of fermion zero modes in a topologically non-trivial backgroun.
We note from (3.12) that ψ− and ψ+ has R-charge 1 while ψ+ and ψ− has R-charge −1.
Thus, we are interested in the index which is the difference of the number of (ψ−, ψ+)-zero
modes and that of (ψ+, ψ−)-zero modes.
Let Σ be the Euclidean left half plane Re(z) ≤ 0 with the canonically flat metric
ds2 = |dz|2. We would like to count the above index in a background φ in which the
worldsheet Σ is mapped to the complex plane so that the image of the boundary ∂Σ (the
imaginary axis Re(z) = 0) winds k-times around the circle |φ|2 = c where the D-brane is
located. The left half-plane is mapped by the conformal map w = (1 + z)/(1− z) to the
unit disk |w| ≤ 1 where the boundary Re(z) = 0 is mapped to the disk boundary |w| = 1
with the infinity mapped to w = −1. Now, one can choose the configuration to be
φ(z, z) =
√
cwk. (3.13)
We note that the positive and the negative chirality spinors are identified along the
boundary ∂Σ as (dz)
1
2 = (dz)
1
2 . 1 In terms of the coordinate w this is translated as
1The reason we do not start from “Σ = the flat disk” is that the boundary would have an extrinsic
curvature and the Wick rotation of the boundary condition on the fermions would not be straightforward,
the point emphasized in [13]. We could of course have started from the disk with the hemi-sphereical
metric. It is easy to see that the result is the same as the one given below.
(dw)
1
2/(w+1) = (dw)
1
2/(w+1) along |w| = 1. The boundary conditions on the fermions
φψ− + ψ+φ = 0, ψ−φ+ φψ+ = 0, (3.14)
should be understood under such an identification. The zero modes obey the Cauchy-
Riemann equations — ψ− and ψ− are holomorphic in z or w and ψ+ and ψ+ are anti-
holomorphic — and they must be regular in the disc |w| ≤ 1. Thus, they can be expanded
as
ψ− =
∞∑
n=0
cnw
n (dw)
1
2 , ψ− =
∞∑
n=0
bnw
n (dw)
1
2 , (3.15)
ψ+ =
∞∑
n=0
cnw
n (dw)
1
2 , ψ+ =
∞∑
n=0
bnw
n (dw)
1
2 . (3.16)
The boundary condition (3.14) then requires
(1 + eiσ)
∞∑
n=0
cn e
i(n−k)σ + (1 + e−iσ)
∞∑
n=0
bn e
−i(n−k)σ = 0, (3.17)
(1 + eiσ)
∞∑
n=0
bn e
i(n+k)σ + (1 + e−iσ)
∞∑
n=0
cn e
−i(n+k)σ = 0, (3.18)
where σ is the angular part of the polar coordinates w = |w| eiσ so that φ = √c eikσ along
the boundary. It is easy to see that there is only a trivial solution bn = cn = 0 for the
second equation but there are 2k non-singular solutions to the first one; ci−1 + b2k−i = 0
(i = 1, 2, . . . , 2k). Thus the index we wanted to know is 2k in the background (3.13).
This means that the path-integral measure changes as
Dψ±Dψ± −→ e−2kiγDψ±Dψ± (3.19)
under the R-rotation (3.12). Namely, the classical R-symmetry is anomalously broken.
We note here that the boundary term Sa yields the following path-integral weight in this
background;
exp
(
i
∫
∂Σ
a
2π
dϕ
)
= exp(ika). (3.20)
Thus, the effect of the R-rotation is the shift of a as
a −→ a− 2γ. (3.21)
This also shows that the parameter a is not actually a physical parameter of the present
theory but can be absorbed by a field redefinition.
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The Chiral Parameter
The one-loop running (3.11) of the parameter c and the R-anomaly (3.21) suggests that
the parameters c and a are superpartners of each other and can be combined into a
complex parameter. The precise combination can be found by identifying the instantons
and computing the action. A configuration such that φ is holomorphic and F = 0 preserves
half of the supersymmetry. (See the ǫ-variation in the Euclidean version of (3.6).) The
configuration (3.13) is an example of such an instanton. The Euclidean action in such a
background is
SE =
1
2π
∫
Σ
(
2|∂zφ|2 + 2|∂zφ|2
)
d2z − i a
2π
∫
∂Σ
dϕ
=
c
2π
∫
|w|≤1
2|∂wwk|2d2w − i a
2π
2πk = (c− ia)k. (3.22)
This shows that the right complex combination is
s = c− ia. (3.23)
3.4 A Linear Model
We now construct a linear model of this A-type D-brane. The general structure of the
worldsheet action we would like to have is as follows. It is a sum of two parts,
Stot = S(Φ) + Sbd(U,Φ) (3.24)
where S(Φ) involves only the bulk field Φ and includes the bulk action (3.1) while Sbd (U,Φ)
is the boundary interaction of Φ and a boundary superfield U that imposes the boundary
condition (3.4) at low enough energies. The boundary condition on Φ is not something we
impose by hand at the beginning, but is regarded as derived through the interaction with
the boundary fields. We in particular require Stot to be supersymmetric without using
boundary condition on Φ nor its equation of motion. Also, we would like Sbd(U,Φ) to
be manifestly supersymmetric so that the parameter s in (3.23) appears in the boundary
superpotential. This requires S(Φ) to be supersymmetric by itself.
We start with finding the boundary term. Let us introduce a real bosonic boundary
superfield
U = u+ θχ− θχ+ θθE. (3.25)
The Lagrangian
L
(1)
bd =
∫
dθdθ (ΦΦ− c)U, (3.26)
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imposes the boundary condition ΦΦ = c via the equation of motion for U . This however
does not lead to the a-term (3.9) nor does it make clear that s = c − ia is a chiral
parameter. We note that one can replace the term
∫
dθdθ (−c)U by 1
2
∫
dθcDU + c.c..
This motivates us to define the “fieldstrength” Υ of U as
Υ := DU = χ+ θ(E + i∂0u)− iθθ∂0χ, (3.27)
which is a boundary Fermi superfield, DΥ = 0. Now we try the following Lagrangian
L
(2)
bd =
∫
dθdθΦΦU + Re
∫
dθ sΥ. (3.28)
in which s is manifestly a chiral parameter. In terms of the component fields the boundary
superpotential term can be written as
Re
∫
dθ sΥ = cE + a ∂0u. (3.29)
We indeed find an a-term. However, we should note that u has no relationship with
ϕ = arg(φ) at this stage. Furthermore, if u is a single valued field (an ordinary field with
values in R), the term a∂0u can be set equal to zero since it is a total derivative. We may
declare that u has the same periodicity as ϕ or that u−ϕ is a single valued field. However,
that would make the term
∫
dθdθΦΦU ill-defined; it changes its value as u→ u+ 2π.
Putting aside this problem, let us try to determine the term S(Φ). We would like it
to be an action with the bulk part (3.1) that is invariant under A-type supersymmetry
without using a boundary condition. It is straighforward to see that the following meets
such a requirement;
SA(Φ) =
1
2π
∫
Σ
(
|∂0φ|2 − |∂1φ|2 + i
2
ψ−(
←−
∂
→
0 +
←−
∂
→
1)ψ− +
i
2
ψ+(
←−
∂
→
0 −←−∂→1)ψ+ + |F |2
)
d2x
+
1
4π
∫
∂Σ
(
∂1|φ|2 + i(Fφ− φF )
)
dx0. (3.30)
However, the second term (boundary term) is non-vanishing even if we use the boundary
condition ΦΦ = c. This is something we do not want.
Thus, the candidate action SA(Φ) +
1
2π
∫
∂Σ L
(2)
bd dx
0 is invariant under A-type super-
symmetry but has two problems; SA(Φ) contains unwanted boundary interactions and
the term
∫
∂Σ L
(2)
bd dx
0 either is ill-defined or lacks the a-term. Fortunately, both of these
problems can be cancelled by addition of the following boundary term in the Lagrangian
∆Lbd = −
∫
dθdθΦΦIm log Φ =
i
2
∫
dθdθΦΦ(log Φ− log Φ). (3.31)
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The unwanted boundary interaction in SA(Φ) is precisely cancelled by this term. Also,
L
(2)
bd +∆Lbd contains the term
∫
dθdθ (u−ϕ)ΦΦ, which requires u−ϕ to be a single valued
field. Then, the a-term for u becomes the a-term for ϕ;
a
2π
∫
∂Σ
∂0udx
0 =
a
2π
∫
∂Σ
{
∂0ϕ+ ∂0(u− ϕ)
}
dx0 =
a
2π
∫
∂Σ
∂0ϕdx
0. (3.32)
It may be appropriate to explain on the single-valuedness of the boundary interaction
L
(2)
bd + ∆Lbd , in particular the term ΦΦ(U − Im logΦ). We can express the field Φ as
Φ = eΨ and consider Φ as a gauge invariant field where the gauge symmetry is Z which
acts on Ψ as Ψ → Ψ + 2πin. We then consider U as the gauge field on which Z acts by
U → U +2πn. Then, u−ϕ is gauge invariant and ∂0udx0 can really be considered as the
fieldstrength of this gauge symmetry.
To summarize, the total action we were looking for is
Stot = SA(Φ) +
1
2π
∫
∂Σ
dx0
[ ∫
dθdθΦΦ(U − Im log Φ) + Re
∫
dθ sΥ
]
,
(3.33)
where SA(Φ) is given by (3.30). The boundary term appears highly non-linear in Φ but
the essential non-linearity resides only in ΦΦϕ which is absorbed by a redefinition of u
that simply yields the a∂0ϕ term (3.9) when |φ| 6= 0.
We note that the above boundary interaction reproduces the correct one-loop running
(3.11) of the parameter c. Up to the topological term, the bosonic part of the action
(which is the relevant part in this discussion) is given by
S =
1
2π
∫
Σ
d2x
(
|∂0φ|2 − |∂1φ|2
)
+
1
2π
∫
∂Σ
dx0
{
E(|φ|2 − c) + iu′ φ←−∂→1φ
}
(3.34)
where u′ = u − ϕ is the single valued field. In the effective action at the energy scale
µ≪ ΛUV, |φ|2 in E(|φ|2− c) is shifted by 〈|φ|2〉µ, the one-loop momentum integral in the
range µ ≤ |k| ≤ ΛUV. In the present case one real component of φ obeys the Neumann
boundary condition and the other obeys Dirichlet. Thus, the one point function has the
same divergence as the ordinary one point function in the bulk. Thus, the shift is by∫
µ≤|k|≤ΛUV
d2k
(2π)2
2π
k2
= log(ΛUV/µ). (3.35)
This divergence (3.35) is absorbed exactly by giving the scale dependence of c as in (3.11).
We stress that the most important aspect of this formulation is that the parameter
s = c− ia enters into the boundary F-term. Any correction to the boundary F-term has
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to be holomorphic in s, periodic under 2πi shifts of s, and of boundary R-charge 1 if we
assign R-charge 2 to e−s. This excludes any perturbative renormalization except at one
loop. Also, if we require the correction to be small at large s, we see that no correction
is possible at all. In more general examples we will consider in the next section, we will
always see this perturbative non-renormalization theorem (except at one-loop). However,
non-perturbative non-renormalization still holds in some cases but fails in some other
cases.
4 A-Type D-Branes in Linear Sigma Model
In this section, we apply the construction of the linear model to gauge theories. This
enables us to define A-type D-branes in toric sigma models so that the D-brane location
and the Wilson lines, combined into complex chiral parameters, enter into a boundary F-
term. We will also find the dual description of the D-brane in the mirror Landau-Ginzburg
model.
4.1 Supersymmetric Gauge theory
Here we record the basic facts on supersymmetric gauge theory in the bulk. We
consider the simplest example: U(1) gauge theory with a single chiral matter field of
charge 1. The gauge transformation of the vector superfield V and the chiral matter field
Φ is given by
V −→ V − iA+ iA, Φ −→ eiAΦ, (4.1)
where A is a chiral superfield. We usually partially fix the gauge so that the vector
superfield takes the form
V = θ−θ
−
(v0 − v1) + θ+θ+(v0 + v1)− θ−θ+σ − θ+θ−σ
+iθ−θ+(θ
−
λ− + θ
+
λ+) + iθ
+
θ
−
(θ−λ− + θ
+λ+) + θ
−θ+θ
+
θ
−
D. (4.2)
v0 and v1 define a one-form field, σ is a complex scalar field, λ± and λ± define a Dirac
fermion, andD is a real scalar field. This is called the Wess-Zumino gauge and the residual
gauge symmetry is the one with A = α(x) which rotates the phase of Φ and transforms
vµ as
vµ(x)→ vµ(x)− ∂µα(x). (4.3)
The supersymmetry variation δ = ǫ+Q− − ǫ−Q+ − ǫ+Q− + ǫ−Q+ does not in general
preserve the Wess-Zumino gauge. In order to find the supersymmetry transformation of
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the component fields σ, λ±, vµ and D, we need to amend it with a gauge transformation
that brings δV back into the Wess-Zumino gauge. It turns out that the required gauge
transformation is the one with
A = iθ+ (ǫ+σ + ǫ−(v0 + v1))−iθ− (ǫ−σ + ǫ+(v0 − v1))+θ+θ−
(
ǫ−λ+ − ǫ+λ−
)
+· · · , (4.4)
where + · · · are the derivative terms to make A chiral. In this way, we find that the
supersymmetry transformation of the component fields of V is
δ(v0 ± v1) = iǫ±λ± + iǫ±λ±,
δσ = −iǫ+λ− − iǫ−λ+,
δD = −ǫ+∂−λ+ − ǫ−∂+λ− + ǫ+∂−λ+ + ǫ−∂+λ−,
δλ+ = iǫ+(D + iv01) + 2ǫ−∂+σ,
δλ− = iǫ−(D − iv01) + 2ǫ+∂−σ,
while that of Φ is
δφ = ǫ+ψ− − ǫ−ψ+,
δψ+ = iǫ−(D0 +D1)φ+ ǫ+F − ǫ+σφ,
δψ− = −iǫ+(D0 −D1)φ+ ǫ−F + ǫ−σφ,
δF = −iǫ+(D0 −D1)ψ+ − iǫ−(D0 +D1)ψ−
+ ǫ+σψ− + ǫ−σψ+ + i(ǫ−λ+ − ǫ+λ−)φ.
The superfield
Σ := D+D−V (4.5)
is invariant under the gauge transformation V → V + i(A − A). It is a twisted chiral
superfield which is expressed in the Wess-Zumino gauge as
Σ = σ(y˜) + iθ+λ+(y˜)− iθ−λ−(y˜) + θ+θ−(D − iv01)(y˜). (4.6)
where v01 is the field-strength v01 := ∂0v1 − ∂1v0. The superfield Σ is called the super-
field-strength of V .
We consider the following gauge invariant action
S =
1
2π
∫
Σ
[∫
d4θ
(
ΦeVΦ− 1
2e2
ΣΣ
)
+ Re
∫
d2θ˜ (−tΣ)
]
d2x, (4.7)
where
t = r − iθ (4.8)
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is a dimensionless twisted chiral parameter; r is the Fayet-Illiopoulos parameter and θ
is the Theta angle. This Lagrangian is invariant under (2, 2) supersymmetry when the
worldsheet Σ has no boundary. In terms of the component fields this is written as
S =
1
2π
∫
Σ
[
−DµφDµφ+ i
2
ψ−(
←−
D
→
0 +
←−
D
→
1)ψ− +
i
2
ψ+(
←−
D
→
0 −←−D→1)ψ+ +D|φ|2 + |F |2
− |σ|2|φ|2 − ψ−σψ+ − ψ+σψ− − iφλ−ψ+ + iφλ+ψ− + iψ+λ−φ− iψ−λ+φ
+
1
2e2
(
−∂µσ∂µσ + i
2
λ−(
←−
∂
→
0 +
←−
∂
→
1)λ− +
i
2
λ+(
←−
∂
→
0 −←−∂→1)λ+ + v201 +D2
)
− rD + θv01
]
d2x, (4.9)
where an appropriate partial integration is made.
This theory is super-renormalizable with respect to the dimensionful gauge coupling
constant e. The FI parameter r is renormalized in such a way as
r(ΛUV) = r(µ) + log(ΛUV/µ). (4.10)
The vector R-symmetry is unbroken but the axial R-symmetry is anomalous; The axial
R-rotation shifts the Theta angle as θ → θ − 2α.
4.2 The Boundary Interaction
Let us now choose the worldsheet Σ to be the stripR×[0, π]. The (2, 2) supersymmetry
variantion of the action (4.9) is given by a boundary term, as analyzed in [13]. For A-type
supersymmetry one can show that the combination
SA = S +
1
2π
∫
∂Σ
dx0
[
1
2
∂1|φ|2 + i
2
(Fφ− φF ) + i
4e2
(λ−λ+ − λ+λ−) + θv0
]
(4.11)
has the following simple transformation property;
δSA =
r
4π
∫
∂Σ
dx0
{
ǫ(λ+ + λ−)− ǫ(λ− + λ+)
}
. (4.12)
We would like to construct a linear model for D-branes in this gauge theory. As in
the case without the gauge field, we introduce the superfield U on the A-boundary with
the boundary interaction as in (3.33):
Sboundary =
1
2π
∫
∂Σ
dx0
[ ∫
dθdθΦeVΦ(U − Im logΦ) + Re
∫
dθ sΥ
]
, (4.13)
19
where Υ = DU is the fieldstrength. For gauge invariance of the first term, we would like
the field U to transform in the same way as Im log Φ. Thus, it transforms as
U −→ U + 1
2
(A+ A), (4.14)
under the gauge transformation (4.1). In particular, the supersymmetry transformation
of the component field is modified in the Wess-Zumino gauge as
δu = ǫχ− ǫχ,
δχ = −ǫ(E + i(∂0u+ v0))− iǫσ,
δχ = −ǫ(E − i(∂0u+ v0)) + iǫσ,
δE = iǫ∂0χ+ iǫ∂0χ− 1
2
ǫ(λ− + λ+) +
1
2
ǫ(λ− + λ+).
(4.15)
Under this modified supersymmetry transformation, the boundary superpotential term
1
2π
∫
∂Σ
dx0 Re
∫
dθ sΥ =
1
2π
∫
∂Σ
dx0 (cE + a∂0u) (4.16)
is not invariant but varies as
δ
 1
2π
∫
∂Σ
dx0 Re
∫
dθ sΥ
 = − c
4π
∫
∂Σ
dx0
{
ǫ(λ+ + λ−)− ǫ(λ− + λ+)
}
. (4.17)
We note that this is proportional to δSA given in (4.12). Thus, SA+Sboundary is invariant
under A-type supersymmetry if and only if
c = r. (4.18)
The non-trivial variation (4.17) comes from the fact that the Fermi-superfield Υ is not
invariant under the gauge transformation (4.14). This reminds us of another constraint;
The action must be gauge invariant, or it must be invariant under the residual gauge
transformation A = α(x) in the Wess-Zumino gauge we are in. The gauge transformation
shifts the component u as u→ u+ α while χ and E are invariant. Thus the term (4.16)
is shifted by a
2π
∫
dx0∂0α. We also notice that the action SA is not gauge invariant but
is shifted by − θ
2π
∫
dx0∂0α since vµ is transformed as vµ → vµ − ∂µα. Thus, the action
SA + Sboundary is gauge invariant if and only if
a = θ (mod 2πZ). (4.19)
Thus, the action
Stot = SA + Sboundary (4.20)
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is supersymmetric and gauge invariant if and only if
s = t (mod 2πiZ). (4.21)
We note that the real part of the condition, r = c, makes the derived boundary condition
|φ|2 = c to be compatible with the D-term constraint |φ|2 = r. We also note again that
no boundary condition on the bulk fields are required for the supersymmetry.
4.3 Construction in Linear Sigma Model
Let us consider a U(1) gauge theory with N chiral multiplets Φi of charge Qi where
the action is given by
S =
1
2π
∫
Σ
[ ∫
d4θ
(
N∑
i=1
Φi e
QiVΦi − 1
2e2
ΣΣ
)
+ Re
∫
d2θ˜ (−tΣ)
]
d2x, (4.22)
The theory reduces at low enough energies to non-linear sigma model on a certain toric
manifold X . For instance, X = CPN−1 if Qi = 1 for all i; X is the total space of the line
bundle O(−d) over CPN−2 if Q1 = · · · = QN−1 = 1 and QN = −d; X is the total space
of O(−1)⊕ O(−1) over CP1 if N = 4 and Q1 = Q2 = 1, Q3 = Q4 = −1. The character
of the theory depends on whether the sum of charges
b1 =
N∑
i=1
Qi (4.23)
is zero or not. If b1 6= 0, the scale invariance is broken at the one-loop level and the
dimensionless FI parameter r is replaced by a dynamically generated scale parameter Λ
by r(µ) = b1 log(µ/Λ). Also, the axial U(1) R-symmetry is anomalously broken; the axial
R-rotation shifts the Theta angle as θ → θ − 2b1β. The sign of r at the cut-off scale
is determined by b1 and hence the target space is uniquely determined by the charges
Qi. On the other hand, if b1 = 0, the scale invariance is preserved at the one-loop level.
In particular the FI-Theta parameter t = r − iθ is the dimensionless parameter of the
theory. The toric manifold X in this case is a (non-compact) Calabi-Yau manifold. We
can choose the sign of r as we wish; both positive and negative r are possible and the
sigma model target space X differs in general.
Let us now formulate the theory on the left half plane Σ = R × [−∞, 0]. To fix the
expression of the bulk action S in terms of the component field, we take the obvious
generalization of the standard one (4.9). We also define SA in the same way as in (4.11).
Then we still have the simple supersymmetry variation (4.12). Now, we introduce N
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boundary real superfields Ui (with fieldstrength Υi) and the boundary interaction term
Sboundary =
1
2π
N∑
i=1
∫
∂Σ
dx0
[ ∫
dθdθΦi e
QiVΦi(Ui − Im logΦi) + Re
∫
dθ siΥi
]
, (4.24)
One can show as before that the total action Stot = SA + Sboundary is gauge invariant and
supersymmetric if and only if
N∑
i=1
Qisi = t (mod 2πiZ). (4.25)
We note that the one-loop renormalization group flows of si’s and t are compatible with
each other: The former runs as si = log(µ/Λ)+constant while the latter runs as t =
b1 log(µ/Λ) only if b1 =
∑N
i=1Qi is non-zero. In any case there are one scale parameter
and N − 1 dimensionless complex parameters.
It is straightforward to generalize the construction to the case of higher rank gauge
group U(1)k =
∏k
a=1 U(1)a with N matters with charge Qia. The condition for supersym-
metry and gauge invariance is
∑N
i=1Qiasi = ta where ta is the FI-Theta parameter for
U(1)a.
Geometric Interpretation
Let us find out what the above boundary interaction corresponds to in the non-linear
sigma model limit µ≪ e. Integrating out the boundary superfields Ui yields the boundary
condition
Φi e
QiVΦi = ci at A-boundary. (4.26)
We note that at high enough enrgies µ ≫ Λ, ci are all positive and one can solve the
constraint (4.26). This boundary condition corresponds to a D-brane wrapped on the
(N − 1)-dimensional torus T in X located at
|φi|2 = ci. (4.27)
It is easy to see that T is a Lagrangian submanifold of X . The parameter ai parametrizes
the holonomy of the flat U(1) gauge field on the D-brane since the boundary term Sboundary
contains the term
1
2π
N∑
i=1
∫
∂Σ
aidϕi, (4.28)
that is obtained through the process (3.32). It may appear that the holonomy in the
unphysical gauge orbit direction is
∑N
i=1Qiai = θ which is non-vanishing for a non-zero
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worldsheet Theta angle. However, it is not the case; there is also a boundary term
θ
2π
∫
∂Σ dx
0v0 (see (4.11)). At low enough energies, the worldsheet gauge field vµ is frozen
at
vµ =
i
2
∑N
i=1Qiφi
←−
∂
→
µφi∑N
i=1Q
2
i |φi|2
= −
∑N
i=1Qici∂µϕi∑N
i=1Q
2
i ci
, (4.29)
where in the last step we have used the constraint (4.27). Thus, the total holonomy term
is
1
2π
∫
∂Σ
[
N∑
i=1
aidϕi − θ
(
N∑
i=1
Qicidϕi
/
N∑
i=1
Q2i ci
)]
. (4.30)
It is easy to see that the holonomy in the gauge orbit direction indeed vanishes if the
condition θ =
∑N
i=1Qiai in (4.25) is satisfied.
We recall that the parameters ci are running coupling constants, irrespective of whether
b1 =
∑N
i=1Qi is zero or not. ci becomes smaller as the energy is reduced. If b1 > 0, the
manifold X itself also becomes smaller at lower energies. Thus, in this case, there is
a chance that the D-brane stays in the theory at low energies where the sigma model
description breaks down. We will indeed find in the mirror description (which is the
better description at low energies) that the D-brane stays in the theory for special values
of si. If b1 = 0, the size of the manifold X does not change. It is expected that, as in
the basic example of Section 3, the D-brane disappears from the theory at extreme low
energies.
As usual, it is easy to exclude perturbative renormalization beyond one-loop level. We
claim that there is no non-perturbative renormalization either in the case where b1 > 0..
This follows from the requirement that the correction is small at small Σ, at large si for
any i and at large t.
4.4 Promoting si to Chiral Superfields
There is actually an interesting generalization of the above construction. It is to
promote the parameters si to boundary chiral superfields. The gauge symmetry and the
supersymmetry is not spoiled even if we do so, provided the condition (4.25) is obeyed.
Thus, we make the replacement
si −→ Si(Z1, . . . , Zℓ), (4.31)
where Zα are boundary chiral superfields and Si(Zα) are holomorphic functions obeying∑N
i=1QiSi(Zα) = t. A simple class of such functions are linear ones. This is motivated by
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the recent work [19]. Let mαi be such that
∑N
i=1Qim
α
i = 0. Then one can take
Si =
ℓ∑
α=1
mαi Zα + si, (4.32)
where si are parameters obeying
∑N
i=1Qisi = t.
When the charges Qi satisfy the condition b1 =
∑N
i=1Qi = 0, the bulk theory is
scale invariant at the one-loop level and is expected to flow to a non-trivial SCFT in the
infra-red limit. In such a case, it is natural to ask under what condition the boundary
interaction does not break the scale invariance. We recall that ci = Re(si) is a running
coupling constant:
ci(ΛUV) = ci(µ) + log(ΛUV/µ). (4.33)
However, this running can be absorbed by the shift of the fields Zα by a certain condition
on mαi ’s. The condition is that there are numbers δα such that
ℓ∑
α=1
mαi δα = 1. (4.34)
In such a case, the boundary interaction is scale invariant at the one-loop level.
Geometric Interpretation and a Constraint on the Parameters
Let us see what this boundary interaction corresponds to in the non-linear sigma model.
The Zα-equation of motion yields the constraint
∑N
i=1m
α
i DUi =
∑N
i=1m
α
i DUi = 0 which
means
N∑
i=1
mαi Ui = constant at A-boundary. (4.35)
Here “constant at A-boundary” means that it does not depend on x0, θ, θ. Namely, the
coefficient of θ, θ and θθ vanishes and the leading term is independent of x0. On the other
hand, the equation of motion for Φi identifies Im log Φi with Ui. (In the derivation of this
statement the bulk and the boundary terms in the action SA play an important role.)
Thus, we obtain the following constarint for Φi’s:
N∑
i=1
mαi Im log Φi = constant at A-boundary. (4.36)
The equation of motion for the remaining Ui yields the condition
Φi e
QiVΦi = Re
(
ℓ∑
α=1
mαi Zα + si
)
at A-boundary. (4.37)
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The boundary conditions (4.36)-(4.37) are that for a D-brane located at
|φi|2 =
ℓ∑
α=1
mαi ζα + ci, i = 1, . . . , N ; (4.38)
N∑
i=1
mαi ϕi = constant, α = 1, . . . , ℓ, (4.39)
where ζα are real coordinates that can vary. It is a (N −1) dimensional subspace L which
is a fibration over the ℓ-dimensional subspace (4.38) in the |φi|2-plane with the (N−ℓ−1)
dimensional torus (4.39) as its fibre. It is a Lagrangian submanifold of X . We note that
ℓ of the ci parameters can be absorbed by the redefinition of ζα. Also, by the constraints
(4.39), the ai’s related by the shifts by m
α
i are physically equivalent. There are only
(N − ℓ− 1) physical parameters.
When the charges Qia satisfy b1,a =
∑N
i=1Qia = 0, the target space is a non-compact
Calabi-Yau manifold and the sigma model is scale invariant at the one-loop level (coore-
sponding, of course, to the scale invariance of the gauge theory). We have seen that
the condition for the boundary interaction to prteserve this one-loop scale invariance is
given by (4.34). This actually corresponds to the condition that L is a special Lagrangian
submanifold.1 To see this we note that the holomorphic volume form of X is proportional
to exp(i
∑N
i=1 ϕi). Under the condition (4.34), the phase is a constant
N∑
i=1
ϕi =
N∑
i=1
ℓ∑
α=1
δαm
α
i ϕi =
ℓ∑
α=1
δαconstα. (4.40)
One important thing to notice here is that ϕi = Im log φi is well-defined only if |φi|2 6= 0
but the equation (4.38) allows some of |φi|2 to vanish. Generically, the subspace is singular
or has a boundary at such a point. It is only in a special case where (4.38)-(4.39) defines
a smooth submanifold. For example, let us consider our basic example of a single chiral
superfield Φ (where there is no gauge symmetry) and promote S to a boundary chiral
superfield. This will yields the D-brane at ϕ = Im log φ = constant. This indeed has an
end point at φ = 0 and is not smooth. Similarly, in many cases L is singular for any
values of ci. However, there are some cases where L is smooth for special values of ci.
In such a case, the condition that L is smooth can be considered as a constraint on the
parameters ci. We exhibit this in the examples below.
1The numbersmα
i
are related to “charges” qA
i
(A = 1, . . . , N−ℓ) in [19] by the relation∑N
i=1
mα
i
qA
i
= 0.
Then, the scale invariance condition (4.34) is equivalent to the condition
∑N
i=1
qA
i
= 0 in [19] for L to be
special Lagrangian.
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Special Lagrangian Families in CN
In this example, we do not consider a gauge theory but a free theory of N chiral superfields
Φi. One can straightforwardly apply the above contruction of boundary interaction to
this case. (Simply ignore V and t and omit the constraints such as
∑N
i=1QiSi = t.) In
particular, (4.34) is still the condition of one-loop scale invariance. We will focus on such
a case with ℓ = 1. Namely, the case where mi are all equal, say to 1. The equation
defining the subspace L is
|φi|2 = ζ + ci (i = 1, . . . , N),
ϕ1 + · · ·+ ϕN = 0.
(4.41)
This is smooth if and only if one can find a pair (i1, i2) such that ci1 = ci2 < cj for j 6= i1, i2.
Otherwise, L has an end at the locus where only one φi vanishes. If the condition holds,
say for (i1, i2) = (1, 2), φ1 and φ2 vanishes at the same time, and L is smooth since the
defining equation can be written as
φ1 = φ2 × exp
(
i
∑N
j=3 ϕj
)
,
|φj|2 = |φ1|2 + cj − c1, (j 6= 1, 2).
In this case, the circle of ϕ1 and ϕ2 are topologically trivial in L and thus the holonomy
must be trivial; a1 = a2 = 0. This is relaxed to a1 = a2 by using the freedom to shift ai
uniformly (coming from the second equation of (4.41)). In general, we must have ai = aj
in the branch where ci = cj . The space of (ci)’s satisfying the constraint is a union of
walls in the (N − 1)-dimensional space (−1 is from the redefinition of ζ). We depict in
Fig. 1 the case of N = 3. The origin is deleted since L is singular there.
c
c2
1
a = a1 2
a = 2
a = 1 0
0
Figure 1: The constraint: The three bold open lines are the locus where L is smooth. We
have set a3 = c3 = 0 to eliminate the shift ambiguity.
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O(−1)⊕O(−1) over CP1
We next consider the U(1) gauge theory with four matters of charge Qi = 1, 1,−1,−1.
We stay in the region where r is large positive where the bulk theory reduces to non-
compact Calabi-Yau sigma model. We consider the case ℓ = 1 where mi = 1, 1, 1, 1. This
is again the case where (4.34) is met and the boundary interaction is scale invariant at the
one-loop level. For the gauge invariance and supersymmetry ci and ai are constrained by
c1 + c2− c3− c4 = r, a1 + a2 − a3 − a4 = θ. The overall shifts of ci and ai are unphysical.
Thus space of physical ci is two-dimensional and so is that of ai. The equation defining
the subspace L is the same as the N = 4 case of (4.41). L is smooth if and only if one
can find a pair (i, j) such that ci = cj < ck for k 6= i, j. In the ci = cj branch, ai = aj
must be satisfied. Thus, the parameter space consists of five disconnected pieces, each
being an open cylinder (four of them semi-infinite). There are two points where three of
the branches becomes close as in Fig. 1.
In the two examples, we have seen that the smoothness of the submanifold L put
a constraint of the parameters ci and ai. However, we notice that the geometry itself
is derived from the action involving the boundary D-terms. We know that boundary
D-terms are not protected even from loop corrections. Accordingly, we expect that the
constraint on ci and ai is subject to quantum corrections as well. We will see that it is
indeed the case.
4.5 The Mirror Description
In [2], a dual description of the linear sigma model was found. Dualizing on the phase
of each chiral superfield Φi we obtain a twisted chiral superfield Yi whose real part is
related to the gauge invariant composite of Φi via
Φi e
QiVΦi = ReYi. (4.42)
The dual theory has the (twisted) superpotential
W˜ = Σ
(
N∑
i=1
QiYi − t
)
+
N∑
i=1
e−Yi, (4.43)
where Σ-linear term appears at the dualization process and the exponential terms are
generated by the effect of the instantons which are vortices in the gauge theory. In the
sigma model limit where e → ∞, it is appropriate to integrate out the gauge multiplet
and that induces the constraint
N∑
i=1
QiYi = t. (4.44)
27
The theory becomes the Landau-Ginzburg model on this N − 1 dimensional algebraic
torus (C×)N−1 with the superpotential
W˜ =
N∑
i=1
e−Yi . (4.45)
We would now like to ask how the A-type D-brane constructed above is described in the
dual theory.
We first give a rough argument which in the end turns out to be the correct one. Let
us look at the boundary interaction term (4.24). Here we replace si by Si which can
either be a parameter or a boundary chiral superfield. If we use the relation (4.42), the
Ui term in (4.24) can be made into a boundary F-term and the total boundary F-term is
expressed as
1
2π
N∑
i=1
∫
∂Σ
dx0 Re
∫
dθ (Si − Yi)Υi. (4.46)
Thus, Υi integration yields the constraint
Yi = Si. (4.47)
This argument was not precise for two reasons: First, the relation (4.42) obtained in the
bulk theory is used without paying attention to the presence of the boundary. Second,
it ignores the other boundary interactions — the boundary term in SA (see eqn. (4.11))
and the term involving Im log Φi in (4.24). We now show that the result (4.46) or (4.47)
remains correct (with a different interpretation of Υi) even if we take these points into
account.
We first note that during the dualization procedure we take |φi|2 to be non-zero and
ϕi = Im log φi is well-defined. This allows us to shift the Ui field as Ui = ϕi + U
′
i so that
U ′i is a single valued superfield. In terms of the shifted variables the boundary term (4.24)
is expressed as
Sboundary =
1
2π
N∑
i=1
∫
∂Σ
dx0
[∫
dθdθΦi e
QiVΦiU
′
i + Re
∫
dθ SiΥ
′
i + ai∂0ϕi
]
. (4.48)
The terms in the action relevant for the dualization are those involving ϕi’s:
− 1
2π
N∑
i=1
∫
∂Σ
|φi|2(∂µϕi +Qivµ)2d2x
+
1
2π
∫
∂Σ
[
N∑
i=1
(
−2u′i|φi|2(∂1ϕi +Qiv1) + ai∂0ϕi
)
+ θv0
]
dx0, (4.49)
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where u′i is the lowest component of U
′
i . Here we have included the boundary Theta term
θ
2π
∫
∂Σ v0dx
0 (a term in SA) in order to keep the gauge invariance: Note that (4.49) itself
is invariant under the gauge transformation ϕi → ϕi + Qiα, vµ → vµ − ∂µα provided
the condition
∑N
i=1Qiai = θ from (4.25) holds. Also we have ignored the terms involving
fermions. (This is merely for simplicity and there is no obstacle to include them into
the discussion below.) Now we consider a system of N one form fields (Bi)µ and N + 1
periodic scalar fields ϑi, u˜ with the following action
S ′ =
1
2π
N∑
i=1
[ ∫
Σ
(
−1
2
|Bi|2d2x+Bi ∧ dϑi +QiϑiFv
)
+
∫
∂Σ
(ai − ϑi)∂0u˜dx0
]
, (4.50)
where Fv is the curvature of v, Fv = dv. We impose the boundary condition
(Bi)1 = 0. (4.51)
If we integrate out the Bi-fields, we obtain the action for twisted chiral superfields Yi =
|φi|2 − iϑi + · · · and Σ with the bulk superpotential W˜dual = Σ(∑Ni=1QiYi − t) and the
boundary interaction (4.46) in which Υi is the “fieldstrength” for Ui with the lowest
component u˜i. Thus, the rest is to show that the integration in the opposite order, ϑi
first, yields the action (4.49). The variation with respect to ϑi gives the constraints
dBi = QiFv on Σ
(Bi)0 = ∂0u˜ along ∂Σ.
The first constraint is solved by Bi = dϕi + Qiv where ϕi is a periodic scalar field of
period 2π. By the second equation plus the boundary condition (4.51) this leads to the
following relations on the boundary
∂0ϕi +Qiv0 = ∂0u˜, (4.52)
∂1ϕi +Qiv1 = 0. (4.53)
Plugging the first relation back into (4.50) and using the relation
∑N
i=1Qiai = θ we
obtain the action (4.49) without the u′i-dependent terms. The condition (4.53) is actually
equivalent to having those u′i-dependent terms; integrating out u
′
i simply imposes (4.53).
Dualization is not the end of the story in finding the mirror description [2]. As men-
sioned above, the bulk superpotential
∑N
i=1 e
−Yi is generated by the instanton effect. Like
in that case, one may wonder if the boundary F-term is generated as well. We now show
that nothing can be generated. As in [2], we extend the gauge symmetry to U(1)N where
each chiral superfield Φi has charge 1 under the i-th U(1) and neutral under the others.
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We have N FI-Theta parameters ti which is promoted to a twisted chiral superfield Ti,
and QiSi must be the A-boundary value of Ti for gauge invariance and supersymmetry.
For an appropriate choice of the D-terms we have N decoupled systems while for another
limit of the D-term couplings we recover the original system. Since the deformation of
the D-term does not affect the F-terms it is enough to show that (4.46) is not corrected
for each i. We first note that Υi have boundary R-charge 1 while e
−Yi and e−Si both
have R-charge 2. The boundary F-term must be holomorphic in these superfields, and it
must approach the classical expression (4.46) at large Yi and large Si. These requirement
is satisfied only by (4.46) itself.
4.6 Quantum Deformation of the Constraint
The mirror of our D-brane is thus given by (4.47). This is true not only when Si
are parameters but also when they are boundary chiral superfields. If Si are parameters,
(4.47) means that the boundary value of Yi is fixed at si and we see that the mirror of
our D-brane is a D0-brane at a point in (C×)N−1. If Si are functions of ℓ boundary chiral
superfields as in (4.31), the mirror is a D(2ℓ)-brane wrapped on a holomorphic cycle Z
defined by
Yi = Si(Z1, . . . , Zℓ). (4.54)
These are B-type D-branes in the LG model (in the flipped convention where Yi are chiral).
B-type D-branes in LG model were brielfly studied in [15, 13] and will be studied in some
more detail in Section 6.
One important constraint of worldsheet supersymmetry is that the bulk superpotential
must be a constant on the D-brane. This itself gives no condition in the case where Si are
parameters since the mirror D-brane is at a point. However, the constraint gives a strong
condition when Si are functions of the chiral superfield Zα so that the mirror D-brane is
wrapped on a cycle X defined by (4.54). It constrains the functional form to be
W˜ =
N∑
i=1
e−Si(Z) = constant. (4.55)
This is a very strong constraint and is not satisfied by a generic function Si(Z).
Let us see whether this constraint is satisfied in the case of linear functions Si =∑ℓ
α=1m
α
i Zα + si. (This discussion is motivated by [19] where the same constraint is
obtained from a geometric consideration.) In this case, the cycle Z is the mirror of our
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non-compact Lagrangian subspace L. The condition reads as
N∑
i=1
e−m
α
i Zα−si = constant. (4.56)
This requires the following condition. Let us separate the set of i’s, I = {i}, into groups
I = ∪aIa where i’s in each group Ia have the same mαi . Then, the condition is that∑
i∈Ia e
−si = 0 for each group Ia. In the case where ℓ = 1 and mi = 1 for all i, this reads
N∑
i=1
e−si = 0. (4.57)
This replaces the classical constraint that L is smooth. In fact, in the asymptotic regions
where two of si are mush smaller than others, this reduces to the classical constraint found
in the geometric analysis (up to a shift in the a-angle). Thus, (4.57) can be considered
as the quantum deformation of the classical constraint. To see this let us consider the
N = 4 case and send r to infinity where X approaches C3. We will foucus on the region
where s4 ∼ t→∞. Then, the constraint becomes
e−s1 + e−s2 + e−s3 = 0. (4.58)
It is easy to see that this reduces to the condtraint depicted in Fig. 1 as long as one
of ci = Re(si) is large compared to the other two. One important point is that the
region where the branches meet was excluded in the classical description but the distinct
branches are smoothly connected in the quantum description.
There is actually a subtlety associated with the a-angles. Let us focus on the region
c1, c2 ≪ c3. In the geometric discussion we have found that c1 = c2 and a1 = a2. On
the other habd, the condition (4.58) is approximately e−c1+ia1 + e−c2+ia2 = 0 in this
asymptotic region. This means that c1 = c2 but a1 = a2 + π. This should be understood
in the original linear sigma model. Including this point, many things has to be clarified.
For instance, it is important to understand whether there is a singularity in the parameter
space. This requires a more careful dynamical study of this gauge system on the half-
plane (or the strip). Also, as computed in [19] in the geometric model related to this
LG model in the weak sense of [2], the space-time superpotential as a function of si’s is
generated. This means that a non-perturbative correction to the beta function for si is
non-zero. How it is computed directly in the LG model should also be clarified. We hope
to discuss thoes points elsewhere.
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The Mirror of the Compact Torus T
Let us consider the case where Si are parameters si and the original A-type D-brane is
wrapped on a compact torus T . In this case, the constraint of Yi is
Yi = si. (4.59)
Namely, the mirror D-brane is the D0-brane at a point (si) in (C
×)N−1. Then, the
condition that the superpotential is a constant on the brane is satisfied for any value of
si. However, as we will discuss in Section 6, there is a further constraint that (si) must
be at the critical point of W˜ . In the case where X is a compact toric manifold of positive
first Chern class, one can find such a critical point as many as χ(X), the Euler number
of X . Thus, we find χ(X) D-branes. For example, for X = CP1 = S2, the mirror theory
is the N = 2 sine-Gordon model with the superpotential W˜ = e−Y + q eY where q = e−t.
The critical points are e−Y = ±√q. Thus, we have two kinds of D-branes with
e−s1 = e−s2 = ±√q. (4.60)
This means that c1 = c2 = r/2 and a1 = a2 = 0 or π. This corresponds to the D-branes
at the equator of S2 with the holonomy ±1.
In the case where X is a non-compact Calabi-Yau manifold, W˜ is of Liouville type
and there is no critical point at finite Yi. Therefore we cannot find a supersymmetric
D0-brane.
5 B-type D-Branes and Tachyon Condensation
We turn to D-branes which preserve B-type supersymmetry. We set the phase trivial
eiβ = 1 unless otherwise stated. One of the basic examples is the space filling D-brane
which is described in the non-linear sigma model (with the trivial B-field) by the full
Neumann boundary condition for the bosonic fields, or more completely by
D+Φ
i = D−Φ
i at B-boundary, (5.1)
where Φi are the chiral superfields representing the complex coordinates of the target
space. We would like to study more non-trivial examples in what follows.
5.1 The System of a D-Brane and an Anti-D-Brane
The first example we consider is the D0-brane in the complex plane. As before we
realize the supersymmetric sigma model on the complex plane by the theory of a single
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chiral superfield Φ = φ+ θαψα + θ
+θ−F + · · ·. We use the following action
SB =
1
2π
∫
Σ
d2x
(
|∂0φ|2 − |∂1φ|2 + i
2
ψ−(
←−
∂
→
0 +
←−
∂
→
1)ψ− +
i
2
ψ+(
←−
∂
→
0 −←−∂→1)ψ+ + |F |2
)
+
i
4π
∫
∂Σ
dx0
(
ψ−ψ+ − ψ+ψ−
)
, (5.2)
which is invariant under B-type supersymmetry without using equation of motion nor
any boundary condition. In the standard approach, the D0-brane at φ = φ0 is described
by the supersymmetric Dirichlet boundary condition for the fields which is conveniently
summarized as
Φ = φ0 at B-boundary. (5.3)
In the “linear model approach” the same D-brane can be represented by the theory in-
volving a boundary Fermi superfield Γ and the boundary interaction
Sboundary =
1
2π
∫
∂Σ
dx0 Re
∫
dθ Γ(Φ− φ0), (5.4)
where of course the integration is along the B-type boundary θ+ = θ−. In this way of
writing, it is manifest that φ0 is the boundary chiral parameter. In what follows, we show
that this latter formulation appears very naturally as the infra-red limit of the system
of D2 and anti-D2 branes with a specific tachyon configuration. Basically, Φ − φ0 that
appears in (5.4) is the tachyon configuration.
5.1.1 The N = 1 Boundary Interaction
We consider the system of a D-brane and an anti-D-brane filling the target space (the
complex plane in the above example). As is well-known e.g. [37], the low lying spectrum
of this system consists of four parts — gauge fields A1 and A2 from p-p and p¯-p¯ strings1
and tachyon fields T and T from p-p¯ and p¯-p strings — which constitute the Chan Paton
matrix  A1 T
T A2
 . (5.5)
Thus, the worldsheet path-integral receives a factor
TrP exp
− ∮
C
{
iA1τ
(
1 0
0 0
)
+ iA2τ
(
0 0
0 1
)
+ T(0)
(
0 1
0 0
)
+ T (0)
(
0 0
1 0
)}
dτ
 (5.6)
1We refer to Dp and anti-Dp branes as p and p¯ respectively. “A p-p string” for example stands for an
open string stretched between Dp and Dp.
33
from each boundary component C with coordinate τ . Here Aiτdτ is the pull-back of the
gauge field Ai to the worldline C, and T(0) is the tachyon vertex operator in the zero
picture, T(0) = ψ
IDIT in which DIT = (∂I + iA
1
I − iA2I)T and ψI = ψI+ + ψI−. There is
a convenient representation of the Chan-Paton factor using the complex Clifford algebra
[38]. The algebra is generated by η and η obeying
{η, η} = 1, η2 = η2 = 0, (5.7)
and has the spinor representation spanned by vectors |0〉, η|0〉 (where |0〉 is annihilated
by η) on which Chan-Paton matrices are realized as 1 0
0 0
 = ηη,
 0 0
0 1
 = ηη,
 0 1
0 0
 = η,
 0 0
1 0
 = η. (5.8)
Then, the Chan-Paton factor (5.6) can be considered as the partition function of the
quantum mechanics represented on the (|0〉, η|0〉) space with the Hamiltonian
H = iA1τηη + iA
2
τηη + T(0)η + η T (0). (5.9)
Therefore, it has the path-integral representation
∫
DηDη exp
− ∮
C
[
ηDτη + T(0)η + η T (0)
]
dτ
 , (5.10)
where Dτ = d/dτ − iA1τ + iA2τ . Note that the gauge transformation A1 → A1− d(arg g1),
A2 → A2−d(arg g2), T → g1Tg−12 , and T → g2Tg−11 is compasated by the transformation
η → g2ηg−11 , η → g1ηg−12 . (5.11)
In other words, this can be considered as the gauge transformation property of the bound-
ary fields η and η.
The supersymmetric completion of this system can be described by introducing the
N = 1 boundary superfields including the tachyon T and the boundary fermion η, η.
(We come back to the Minkowski signature.) The former is a bosonic complex boundary
superfield T which has an expansion
T = T + iθ1ψ
IDIT. (5.12)
The latter is a fermionic superfield
Γ = η + iθ1G. (5.13)
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The boundary interaction that completes the one that appears in (5.10) is given by
Sboundary =
1
2π
∫
∂Σ
dx0dθ1
(
ΓD1Γ + ΓT+TΓ
)
. (5.14)
In the above expression, DΓ is defined by D1Γ =
(
−i ∂
∂θ1
− 2θ1(∂0 − iA0)
)
Γ with
A0 := AI∂0φ
I − i
4
FIJψ
IψJ , (5.15)
where AI = A
1
I − A2I is the gauge field of the relative gauge group U(1)rel and FIJ is its
curvature ∂IAJ − ∂JAI . This boundary interaction is invariant under the U(1)rel gauge
symmetry
AI → AI − ∂Iα(φ),
Γ→ e−iα(φ)Γ, (5.16)
T→ eiα(φ)T.
It is also invariant under the gauge-modified supersymmetry transformation
Q1 = −i ∂
∂θ1
+ 2θ1(∂0 + iqA0)− iqAIψI , (5.17)
where q is the U(1)rel charge of the field on which Q1 is acting. For example, Γ has
q = −1, T has q = 1, while ΦI = φI + iθ1ψI (the restriction of the bulk superfield on
the boundary) has q = 0. One can check that the superfield T, which is a function of the
fields ΦI , has the right transformation property.
Remark 1. In the above argument we have assumed that the path-integral (5.10) leads
to the Hamiltonian (5.9). However, there is a standard operator ordering ambiguity that
is fixed by an explicit regularization scheme; the first two terms in (5.9) could be replaced
by i(A1τ − A2τ )ηη or i(A2τ − A1τ )ηη, or a combination of them. This ambiguity would be
annoying in the following discussion where we start with the Lagrangian. In what follows,
instead of the above choice, we take the ordering where the action (5.14) corresponds to
A2 = 0 and A1 = A. In this ordering, if we would like to have a non-zero A2, we need to
add the term
∆Sboundary = −
∫
∂Σ
dx0
(
A2I∂0φ
I − i
4
F 2IJψ
IψJ
)
(5.18)
to (5.14) in which A = A1 − A2.
Remark 2. From the above result, one can also obtain the boundary interaction for the
non-BPS D-branes [39, 40] in Type II string theory. In fact the latter is defined as the
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(−1)FL orbifold of the brane-anti-brane system, where the orbifolding yields the reality
constraint on Γ and T and also projects out the relative gauge field AI . The resulting
boundary interaction is nothing but the one used in [27–29]. The real boundary fermion
η was originally introduced in [41] to reproduce the interaction rule of [42] for Type I
D0-brane [43].
5.1.2 The Condition of N = 2 Supersymmetry
We would now like to find the N = 2 extension of the above result. Thus, we consider a
supersymmetric sigma model on a Kahler manifoldX formulated on a strip Σ = R×[0, π].
On the B-boundary, the chiral superfields Φi representing the complex coordinates of X
become boundary chiral superfields that are expanded as
Φi = φi + θψi − iθθ∂0φi, (5.19)
where ψi = ψi+ + ψ
i
−. The anti-chiral superfields Φ
ı
become boundary anti-chiral super-
fields.
Boundary Gauge Symmetry
We start with introducing boundary chiral gauge symmetry. Let Ξ = ξ + θJ − iθθ∂0ξ
be a boundary Fermi superfield. We would like to construct a supersymmetric boundary
Lagrangian that is invariant under the gauge transformation
Ξ→ eiqAΞ, (5.20)
where A is a boundary chiral superfield and q is the charge of Ξ. As in the bulk, it is
appropriate to introduce a real boundary superfield Vb which transforms as
Vb → Vb − iA + iA. (5.21)
Then a gauge invariant and supersymmetric Lagrangian is given by
L =
1
2
∫
dθdθ Ξ eqVbΞ. (5.22)
One can choose a “Wess-Zumino gauge” where Vb has only the highest component
Vb = 2θθA0. (5.23)
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The residual gauge symmetry in the Wess-Zumino gauge is the one with A = α− iθθ∂0α
with real valued α which acts on the component fields as
ξ → eiqαξ, J → eiqαJ,
A0 → A0 − ∂0α.
In this gauge, the Lagrangian (5.22) is expressed as
L =
i
2
ξD0ξ − i
2
D0ξξ + 1
2
|J |2, (5.24)
where D0ξ = (∂0 + iqA0)ξ. The ordinary supersymmetry transformation δ = ǫQ − ǫQ
does not preserve the Wess-Zumino gauge. To find the supersymmetry transformation of
the component fields ξ, J, A0, we must modify it with a gauge transformation. It turns
out that the required gauge transformation is the one with iA = 2θǫA0 and we find
δtotξ = ǫJ + iqα∗ξ, (5.25)
δtotJ = −2iǫD0ξ + iqα∗J, (5.26)
δtotA0 = −∂0α∗, (5.27)
where α∗ comes from an ambiguity in the choice of iA.
Gauge Field and Tachyon on the Brane
We would like to embed the above construction of gauge invariant interaction to the
system of a D-brane and an anti-D-brane. We extend the N = 1 superfield Γ to a
boundary Fermi superfield Γ by replacing iθ1 by θ and adding the top component as
Γ = η + θG− iθθ∂0η. (5.28)
We assign gauge charge q = −1 to Γ. Here, unlike in the above construction, the boundary
gauge symmetry is linked to the gauge symmetry on the branes. That is, the field A0 in
(5.23) is a function of φI and ψI defined in (5.15) and the gauge transformation parameter
α is also considered as a function of φI . There is also a tachyon field (5.12) that is a
function of φI and ψI . The supersymmetry transformation of these fields are dictated by
that of Φi and Φ
ı
, which are in components given by
δφi = ǫψi, δψi = −2iǫ∂0φi, (5.29)
δφ
ı
= −ǫψı, δψı = 2iǫ∂0φı. (5.30)
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It is easy to see that the transformation of A0 takes the form (5.27) if and only if
Fij = Fı = 0. (5.31)
Namely if and only if the operator ∂A = dz
D is nilpotent and defines a holomorphic
structure on the associated complex line bundle. The gauge transformation parameter
α∗ that appears in (5.27) is given by α∗ = −ǫψiAi + ǫψA. The tachyon field T has an
extension to a boundary chiral superfield if and only if T is holomorphic,
DT = 0. (5.32)
The chiral extension is then denoted by
T = T + θψiDiT − iθθ∂0T. (5.33)
One can check that it has the right gauge and supersymmetry transformation property.
A manifestly N = 2 invariant boundary interaction that reduces to (5.14) is now given
by
Sboundary =
1
2π
∫
∂Σ
dx0
[
1
2
∫
dθdθ Γ e−VbΓ + Re
∫
dθ iΓ T
]
. (5.34)
In this formulation, Γ and T have mass dimensions 0 and 1/2 respectively.
Like A0, the supersymmetry transformation of A
2
0 = A
2
I∂0φ
I − i
4
F 2IJψ
IψJ is a pure
gauge if and only if F 2ij = F
2
ı = 0. Namely, the latter is the condition of N = 2
supersymmetry of the anti-brane Wilson line term (5.18).
To summarize, the system of a D-brane and an anti-D-brane has (B-type) N = 2
worldsheet supersymmetry if and only if each of the the gauge fields defines a holomorphisc
structure for the associated line bundle, and the tachyon field is a holomorphic section of
the relative line bundle.
5.1.3 The D0-Branes
Let us come back to the sigma model on the complex plane X = C. We consider the
following configuration:
Aφ = Aφ = 0, (5.35)
T = φ− φ0. (5.36)
The tachyon field T is holomorphic with respect to the trivial gauge connection and this
should define an N = 2 supersymmetric theory. The chiral tachyon superfield is given in
this case by
T = Φ− φ0. (5.37)
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The boundary interaction is now
Sboundary =
1
2π
∫
∂Σ
dx0
[
1
2λ2
∫
dθdθ ΓΓ + Re
∫
dθ iΓ (Φ− φ0)
]
, (5.38)
where we have introduced the coupling constant λ that has mass dimension 1/2 so that
T = Φ − φ0 has dimension 0. The action, including the bulk one (5.2), is at most
quadratic in all fields and the theory is renormalizable by itself. It is free and all the
fields/parameters have their canonical dimension. In particular, the infra-red limit simply
corresponds to λ → ∞. Also the position parameter φ0 is not renormalized, as we will
show below in a more general context. In this way, we recover the interaction (5.4) that
imposes the constraint Φ = φ0. Thus, this system is identified as the D0-brane at φ = φ0.
The above is compatible with some knowledge about D0-brane as a bound state of
D2-anti-D2 system. For instance, it has a unit winding number at infinity [44, 41]. For
this to be really identified as the D0-brane, |T | should approach the vacuum value at
infinity |φ| → ∞. As proposed/found in [28], the tachyon potential in this formulation
is given by e−|T |
2/4 and the minimum is indeed at |T | =∞. More importantly, following
the proposal of [28], one can compute the open string field theory effective action as a
function of λ (denoted by u in [28]) and it is minimized indeed at λ→∞. Furthermore,
this computation gives the ratio of the tensions of the D2-brane and the D0-brane; We
find T0/T2 = (2π)
2 which is the correct result (we are taking the unit α′ = 1: if we recover
α′ this is T0/T2 = (2π)
2α′).
The Non-renormalization Theorem
Let us consider another configurations
Aφ = Aφ = 0, (5.39)
T = P (φ, ap) = a0 + a1φ+ · · · akφk. (5.40)
This again preserves N = 2 supersymmetry. The chiral tachyon superfield is given by
T = P (Φ, ap), (5.41)
and the boundary interaction is
Sboundary =
1
2π
∫
∂Σ
dx0
[
1
2λ2
∫
dθdθ ΓΓ + Re
∫
dθ iΓP (Φ, ap)
]
. (5.42)
This is no longer quadratic in fields and the system has a non-trivial interaction. It may
appear hard to controle the quantum correction in this system. However, supersymme-
try strongly constrains quantum corrections to the boundary F-term. We note that the
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system preserves the U(1) R-symmetry under which Γ and Φ have charge 1 and 0 re-
spectively. This shows that the boundary F-term is always linear in Γ, and the possible
correction resides only in the boundary superpotential P (Φ, ap). The effective boundary
superpotential must be holomorphic in Φ and ap’s, and must respect the U(1) × U(1)
global “symmetries” where Γ, Φ and ap have charge (−1, 0), (0, 1) and (1,−p) respec-
tively. It is also required to approach the classical value P (Φ, ap) =
∑k
p=0 apΦ
p in the
limit ap → 0. As in [34], these conditions are enough to constrain the boundary su-
perpotential not to receive quantum correction at all. Of course, the boundary D-term∫
dθdθ 1
2λ2
ΓΓ can receive corrections.
Multiple D0-Branes
Let us consider the boundary superpotential
T =
k∏
a=1
(Φ− φa). (5.43)
We have seen that φa are not renormalized. When φa 6= φb for a 6= b, the infra-red limit
simply chooses one φa and there are in total k copies of the trivial fixed point we have
considered above. In particular, the boundary entropy at the infra-red limit is k times
that of the trivial one, and so is the tension
tension = kT0. (5.44)
Thus, this corresponds to k D0-branes located at φ1, . . . , φk.
Let us compute the open string Witten index — Tr(−1)F of the theory formulated on
the segment 0 ≤ x1 ≤ π. We first consider the case where one end of the string carries
the above boundary interaction and the other end is free (pure Neumann corresponding
to D2-brane). For the purpose of computing the index, we can take the zero mode
approximattion where we ignore the x1 dependence. Then, the supercharge Q is given by
Q = ψφ˙− iλη
k∏
a=1
(φ− φa)
= −i ∂
∂φ
(
0 0
1 0
)
⊗
(
1 0
0 1
)
− iλ
k∏
a=1
(φ− φa)
(
1 0
0 −1
)
⊗
(
0 1
0 0
)
, (5.45)
where the matrix representation is with respect to the basis (|0〉, ψ|0〉)⊗ (|0〉, η|0〉). The
supersymmetry equation Q = Q† = 0 is solved by the wavefunction f |0〉+ gψη|0〉 where
f and g are functions of φ, φ that obey −∂/∂φ λ∏ka=1(φ− φa)
λ
∏k
a=1(φ− φa) −∂/∂φ
 f
g
 = 0. (5.46)
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This is identical to the Dirac equation for the fermion coupled to a k-vortex. As is well
known, there are k normalizable solutions for any values of φa. Thus, we find that the
Witten index is in this case
Tr(−1)F = k. (5.47)
Next let us consider the case where both ends of the string carry the above boundary
interaction. In that case, we have two boundary fermions η0 and ηπ, one at x
1 = 0 and
the other at x1 = π, and the supercharge Q in the zero mode approximation is given by
Q = ψφ˙− iλ(η0 + ηπ)
k∏
a=1
(φ− φa)
= −i ∂
∂φ
(
0 0
1 0
)
⊗
(
1 0
0 1
)
⊗
(
1 0
0 1
)
−iλ
k∏
a=1
(φ− φa)
{(
1 0
0 −1
)
⊗
(
0 1
0 0
)
⊗
(
1 0
0 1
)
+
(
1 0
0 −1
)
⊗
(
1 0
0 −1
)
⊗
(
0 1
0 0
)}
.
(5.48)
It is straightforward to show that the number of bosonic and fermionic supersymmetric
ground states are the same. Thus the index in this case vanishes
Tr(−1)F = 0. (5.49)
The results (5.47) and (5.49) are consistent with the interpretation of the boundary in-
teraction as k D0-branes; As is well-known [45], the Witten index in this situation is the
intersection number of the corresponding cycles. The complex plane C and k points in C
have intersection number k, whereas the points in C have self intersection number zero,
in agreement with (5.47) and (5.49).
D-Brane wrapped on a Divisor
The above construction generalizes straightforwardly to the case where the target space
is an arbitrary Kahler manifold X . Let L be a holomorphic line bundle over X with a
hermitian fibre metric h. We assume that it has a global holomorphic section F . Let us
consider a boundary Fermi-superfield Γ with values in L−1 and the following boundary
interaction
Sboundary =
1
2π
∫
∂Σ
dx0
[ ∫
dθdθ h−1(Φ,Φ)ΓΓ + Re
∫
dθ iΓF (Φ)
]
. (5.50)
This corresponds to a configuration of the space filling D-brane and anti-D-brane. The
D-brane and the anti-D-brane support the gauge bundle L (with the hermitian connection
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associated with h) and the trivial bundle OX respectively, and the tachyon configuration
is given by
OX F−→ L. (5.51)
We note that h(Φ,Φ) that appears in the boundary D-term can receive a lot of quantum
corrections, but F (Φ) is not renormalized at all.
In the case where the zero of F is simple and F = 0 is a smooth hypersurface D in
X , we expect that h(Φ,Φ) vanishes in the infra-red limit and we obtain a constraint
F (Φi) = 0, (5.52)
on the boundary. Then, the system can be identified as a D-brane wrapped on D. We
note that the co-normal bundle (the normal cotangent bundle) of D in X is equal to L|D.
Thus, the Fermi superfield Γ can be considered as taking values in the co-normal bundle
of D. This is consistent with the interpretation of (the lowest component η of) Γ as
the Gamma matrix in the normal bundle, which is the basic element of the Atiyah-Bott-
Shapiro construction of lower-dimensional D-branes [41]. In a more general case where
F = 0 does not define a smooth submanifold but a divisor D, the boundary interaction
may flow to a non-trivial fixed point. For instance, if F = fk with f transversal, the
system corresponds to k D-branes at f = 0. If F = f1f2 where f1 and f2 have common
zeroes, it corresponds to intersecting D-branes.
A remark is now in order. It is natural to expect that the data for the bundle L are
chiral parameters. However, they do not appear in the boundary superpotential but in the
transition function that relates Γ’s in different patches. Thus, in the present description
these parameters are not manifestly chiral. This is analogous to the similar drawback of
the patchwise description of the non-linear sigma model: it is not manifest that Kahler
class parameters are twisted chiral. As we will see shortly, if the bulk theory is realized
as the linear sigma model, one can find a global descriptions where patch-wise definition
is not necessary.
5.2 Multiple D-Branes and Anti-D-Branes
We next consider the system of m D-branes and m¯ anti-D-branes. Here we do not
construct the boundary interaction for general configurations, but provide constructions
for a certain class of configurations. In particular, we consider the case where m = m¯ =
2n−1 for some positive integer n. In such a case, the 2n−1+2n−1 dimensional Chan-Paton
factor is realized on the irreducible representation S of the n-dimensional complex Clifford
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algebra
{ηi, ηi} = δi,j, {ηi, ηj} = {ηi, ηj} = 0, i, j = 1, . . . , n. (5.53)
The representation S is constructed from a vector |0〉 annihilated by ηi by multiplying
creation operators ηi. It decomposes into two subspace S+ and S−, each with dimension
2n−1, which consist of vectors ηi1ηi2 · · · ηis|0〉 with even s and odd s respectively. The
Chan Paton matrix takes the form (5.5) where the block decomposition corresponds to
the decomposition S = S+ ⊕ S−. The diagonal blocks A1, A2 are represented by even
polynomials in ηi, ηi whereas the off-diagonal blocks T, T are represented by odd polyno-
mials.
We consider the sigma model onR2n = Cn with the real coordinates xµ or the complex
coordinates φi = x2i−1 + ix2i. We take the following configuration A1 T
T A2
 = 2n∑
µ=1
xµΓµ =
2n∑
µ=1
xµ
 0 σµ
σµ 0
 , (5.54)
where Γµ are the 2n dimensional Gamma matrices. This is motivated by the Atiyah-Bott-
Shapiro construction [46] that has been proposed to be identified in [41] as the tachyon
configuration for the condimension 2n D-brane. (A linear profile is also the one that is
seen from the D-brane probe [48].) Since the Gamma matrices Γµ are the real and the
imaginary parts of ηi, this configuration is represented by
n∑
i=1
ηiφ
i +
n∑
i=1
ηiφ
i
. (5.55)
Repeating what we have done in the system of one D-brane and one anti-D-brane, we
obtain the following boundary interaction corresponding to this configuration:
Sboundary =
1
2π
n∑
i=1
∫
∂Σ
dx0
[
1
2λ2i
∫
dθdθ ΓiΓi + Re
∫
dθ iΓiΦ
i
]
. (5.56)
Here Γi are the boundary Fermi superfields with the lowest component ηi.
This boundary interaction is quadratic in all fields and is renormalizable by itself. In
fact, this is simply the sum of n copies of the system of a D0-brane in the complex plane.
The parameters λi go to infinity in the infra-red limit and we obtain the constraint
Φi = 0 at B-boundary. (5.57)
Thus, this system is identified as a D0-brane at the origin of Cn. The partition function
of the system is simply given by the product
∏n
i=1 Z(λi) where Z(λi) is the partition
function for the system corresponding to a D0-brane in the complex plane. Following the
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proposal of [28] on the open string field theory action, we can compute the ratio of the
tensions, say of D9-brane and D(9−2n)-brane. We find T9−2n/T9 = (2π)2n which is again
the correct result (in α′ = 1).
We note here another representation of the tachyon configuration (5.54) [47, 46]. The
spinor representation S tensored with the trivial bundle O over Cn can be identified as
the exterior algebra over O⊕n under which
ηi1ηi2 · · · ηik |top〉 ←→ ei1 ∧ ei2 ∧ · · · ∧ eik , (5.58)
where |top〉 := η1η2 · · · ηn|0〉 and (e1, . . . , en) is a “basis” of O⊕n. The operator
∑n
i=1 ηiφ
i
that appears in the expression (5.55) is then identified as the wedge product by φ =∑n
i=1 eiφ
i. From this we see that the tachyon configuration is obtained by folding the
complex
O φ∧−→∧1O⊕n φ∧−→∧2O⊕n φ∧−→ . . . φ∧−→∧nO⊕n (5.59)
into maps between
∧even O⊕n and ∧odd O⊕n. The complex (5.59) is called the Koszul
complex. We note that the operator φ∧ appears in the boundary F-term in (5.56).
5.3 D-Branes in Gauge Theory
Now, we generalize the above construction of B-type D-branes to supersymmetric
gauge theory. This yields a global description of D-branes in toric manifolds.1
Space-filling D-Brane
We first provide the the boundary interaction corresponding to the space-filling D-brane
in the non-linear sigma model limit. For simplicity we will mainly be talking about the
U(1) gauge theory with a single chiral matter field, but we will freely move to more genral
cases as the generalization is obvious. For the bulk action S and other things, we use the
notation fixed in Section 4.1.
The supersymmetry variation of the action S in (4.9) is a non-vanishing boundary
term, as studied in [13]. If we modify the action as
SB = S +
1
4π
∫
∂Σ
dx0
[
i(ψ−ψ+ − ψ+ψ−)− i(σ − σ)|φ|2
+
1
2e2
{
∂1|σ|2 + 2Im(σ(D + iv01))
}
+ i(tσ − tσ)
]
, (5.60)
1Boundary conditions in gauged linear sigma models for B-type D-branes were studied in [13, 15]. A
construction similar to the one in this subsection has been presented in the talk [25].
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it is invariant under B-type supersymmetry (with the trivial phase eiβ = 1)
δSB = 0. (5.61)
The boundary condition derived by varying the action SB contains ψ+ = ψ− and σ = σ
which are completed as
D+Φ = D−Φ,
Σ = Σ,
at B-boundary, (5.62)
where D± = e−VD± eV . Note that the first condition is gauge invariant since eVΦ trans-
forms as eVΦ→ eiA eVΦ with A anti-chiral. We also have another boundary condition
v01 = −e2θ. (5.63)
Under the boundary condition (5.62), the boundary terms in (5.60) simplifies so that the
action becomes
SB = S +
θ
2π
∫
∂Σ
dx0
σ + σ
2
. (5.64)
In the sigma model limit e
√
r → ∞, e.g. in the CPN−1 model where there are N fields
of charge 1, the field σ is frozen at
σ =
∑N
i=1 ψi−ψi+∑N
i=1 |φ|2
. (5.65)
Thus, the boundary term in (5.64) is interpreted as a fermion bilinear in the non-linear
sigma model. One can see that this is equal to the fermion bilinear boundary term in the
supersymmetric B-field coupling
1
2
∫
Σ
BIJdφ
I ∧ dφJ + i
4
∫
∂Σ
dx0BIJψ
IψJ . (5.66)
Here the bulk B-field term comes from the Theta term θ
2π
∫
Σ v01d
2x where vµ is given in
the sigma model limit by
vµ =
i
2
∑N
i=1 φi
←−
∂
→
µφi∑N
i=1 |φi|2
. (5.67)
This is a gauge field of the line bundle O(1) over CPN−1.
As remarked in [13], there are different formulations of the non-linear sigma model
when the boundary is coupled to a U(1) gauge field with non-vanishing field strength.
This is true also when the B-field is non-vanishing. In one formulation we change the
boundary condition of the bosonic fields from pure Neumann to mixed Dirichlet-Neumann
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condition, and accordingly the boundary condition of the fermons is changed as well. In
the other formulation, we do not touch the boundary condition (for both bosons and
fermions) but, for supersymmetry, we add a fermion-bilinear term on the boundary as
(5.66). As explained in [49] in the bosonic string theory, the two formulations lead to the
same space-time theory. The consideration in [13] corresponds to the first formulation.
Here we took the second formulation; (5.62) reduces to the pure Neumann boundary
condition in the non-linear sigma model limit and the boundary term in (5.64) reduces
to the boundary term in (5.66).
The Boundary Interaction for Lower-dimensional Branes
Now we construct a boundary interaction corresponding to brane-anti-brane system with
tachyon condensation. To be specific, we consider the U(1) gauge theory with N chiral
superfields Φi of charge Qi which reduces at low enough energies to the non-linear sigma
model on a toric manifold X = CN//C×. We denote by OX(p) the line bundle (CN ×
C)//C× over X where λ ∈ C× acts on the second factor c ∈ C by c 7→ λpc.
We first recall that the bulk gauge symmetry and the vector superfield become, when
restricted to B-boundary, a boundary (chiral) gauge symmetry and a boundary vector
superfield. The bulk Wess-Zumino gauge reduceds to the Wess-Zumino gauge on the
boundary where the vector superfield is expressed as
V = 2θθ
(
v0 − σ + σ
2
)
. (5.68)
In the sigma model limit (where vµ and σ are given by (5.67) and (5.65) in the case X =
CPN−1), this combination v0−(σ+σ)/2 is precisely of the form A0 = AI∂0φI− i4FIJψIψJ
that appears in (5.15), where AI is the gauge field of the line bundle OX(1).
Let F (Φ) be a polynomial of Φi of charge q. For this we introduce a boundary Fermi
superfield Γ of charge −q. We consider the following boundary interaction
Sboundary =
1
2π
∫
∂Σ
dx0
[
1
2λ2
∫
dθdθ Γ e−qV Γ + Re
∫
dθ ΓF (Φ)
]
(5.69)
This is manifestly gauge invariant and supersymmetric. At low enough energies where
the bulk theory reduces to the non-linear sigma model on X , Γ reduces to a boundary
Fermi superfield with values in OX(−q) and F (Φ) determines a holomorphic section of
OX(q). In this limit, the above boundary interaction reduces to the one given in (5.50)
where the hermitian metric h is the one coming from the standard Euclidean metric of
C. In particular, this boundary interaction corresponds to the tachyon configuration
OX F−→ OX(q). (5.70)
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If F has only simple zero, this corresponds to the D-brane wrapped on the hypersurface
D
F = 0. (5.71)
Of course, the charge −q for Γ is compatible with the fact that the co-normal bundle of
the hypersurface D is equal to OX(−q)|D.
Intersection of Hypersurfaces
It is straightforward to generalize the construction for D-branes wrapped on the intersec-
tion of hypersurfaces F1 = 0, . . . , Fl = 0. If Fβ is a charge qβ polynomial, the boundary
interaction is just
Sboundary =
l∑
β=1
1
2π
∫
∂Σ
dx0
[
1
2e2b,β
∫
dθdθ Γβ e
−qβV Γβ + Re
∫
dθ ΓβFβ(Φ)
]
, (5.72)
where Γβ is a boundary Fermi superfield of charge −qβ . We note that the vector R-
symmetry (that becomes the boundary R-symmetry at B-boundary) is always unbroken
in the bulk theory. Thus, the boundary F-term is always linear in Γβ, and the non-
renormalization theorem applies to Fβ , as before.
The tachyon configuration is the one obtained from the Koszul complex associated
with E = ⊕lβ=1OX(qβ) and F =
∑l
β=1 eβFβ;
OX F∧−→
∧1E F∧−→∧2E F∧−→ . . . F∧−→∧l E , (5.73)
by folding into the maps between
∧even E and ∧odd E .
6 B-Type D-Branes in Landau-Ginzburg Model
In this section, we consider B-type D-branes in a theory with bulk superpotential.
This leads to the construction of D-branes in linear sigma models corresponding to hy-
persurfaces or complete intersections in toric manifolds. Another motivation is to study
the mirror of the A-type D-branes identified in Section 4.
Let us consider a Landau-Ginzburg model with the superpotential W (Φ). The bulk
action includes the F-term
SW =
∫
Σ
d2xRe
∫
d2θW (Φ). (6.1)
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The B-type supersymmetry transformation of this F-term is
δSW =
∫
∂Σ
d2xRe
∫
d2θ
[
−ǫ(Q+ +Q−)W (Φ) + ǫ(Q+ +Q−)W (Φ)
]
. (6.2)
Using the relationsQ±W (Φ)|θ±=0 = ∂∂θ±W (Φ)|θ±=0 andQ±W (Φ) = (D±−2iθ±∂±)W (Φ) =
−2iθ±∂±W (Φ), and performaing the partial integration, we obtain
δSW =
∫
∂Σ
dx0Re
∫
d2θ iǫ(θ+ − θ−)W (Φ)
=
∫
∂Σ
dx0Re
∫
B
dθ (−iǫ)W (Φ). (6.3)
This vanishes if we require
W (Φ) = constant at B-boundary. (6.4)
This is the case if we consider a D-brane on which W is a constant, which is the condition
found in [13] by component analysis.
We can apply this argument to the linear sigma model which corresponds to sigma
models on a complete intersection M in a toric manifold X . In this case, it is natural
to choose zero as the constant value of the superpotential (6.4). Combining this with
the construction in the previous subsection, we can construct the boundary interaction
that corresponds to D-branes in M wrapped on the holomorphic cycles defined as the
intersection of M and F1 = · · · = Fl = 0.
6.1 D0-Branes in Massive Theory
In what follows, we focus our attention to D0-branes in massive LG models. By
massive, we mean that all the critical points of the superpotential W are non-degenerate.
In other words, all the critical points are isolated and the Hessian (the determinant of the
second derivative matrix) is non-vanishing at each of them. More general cases such as
higher dimensional D-branes in scale invariant models are also important, say, for string
theory applications, but they will be discussed elsewhere.
Since D0-brane is a point, the condition (6.4) is vacuous. However, if the point is not
one of the critical points, any classical configuration will not attain the zero energy. We
expect that the worldsheet supersymmetry will be spontaneously broken.1 To examine
1Non-zero energy does not necessarily mean supersymmetry breaking, as the example of A-type D-
branes in LG model shows [13].
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this, let us look at the expression of the supercharge
Q =
1
2π
∫
dx1
{
gi(ψ

− + ψ

+)∂0φ
i + gi(ψ

− − ψ+)∂1φi + (ψi− − ψi+)∂iW
}
. (6.5)
Since the boundary point, say at x1 = π is locked at that point, we see that the supersym-
metry is indeed broken for any configuration. Thus, we will not consider such a D-brane.
In other words, D0-branes must be located at one of the critical points of W .
6.2 Supersymmetric Ground States
Let us compute the supersymmetry index or, if possible, determine the supersymmetric
ground states for an open string stretched between two critical points pa and pb of W .
Let us first consider the case pa 6= pb. Then, by the same reason as above, there will be
no supersymmetric ground states. In particular, the supersymmetry index vanishes
Trab(−1)F = 0 a 6= b. (6.6)
Let us next consider the case where a = b. One can always choose the variables so that
φi = 0 at pa and W =
∑n
i=1mΦ
2
i + · · · where + · · · are cubic or higher order terms. For
the purpose of computing the index, one can deform the Kahler potential so that it takes
the form K =
∑n
i=1 |Φi|2+ · · · and one can also neglect the higher order terms + · · · in K
and W . Then, the computation reduces to that of the free massive theory.
The Free Massive Theory
We are thus led to consider the theory of a single chiral superfield Φ with the Kahler
potential |Φ|2 and the superpotential
W = mΦ2. (6.7)
Since this theory is free, not only the Witten index, but also the complete spectrum can
be determined.
The action of the strip R× [0, π] after elimination of the auxiliary field is given by
S =
1
2π
∫
R×[0,π]
d2x
(
|∂0φ|2 − |∂1φ|2 − |mφ|2 + iψ−(∂0 + ∂1)ψ− + iψ+(∂0 − ∂1)ψ+
−mψ+ψ− −mψ−ψ+
)
. (6.8)
The boundary condition is that of the D-brane at the critical point φ = 0:
Φ = 0 at B-bounday. (6.9)
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In components, this is
φ = 0,
ψ− + ψ− = 0,
at x1 = 0, π. (6.10)
The B-type supersymmetry transformation is given by
δφ = ǫ(ψ− + ψ+),
δ(ψ− + ψ+) = −2iǫ∂0φ,
δ(ψ− − ψ+) = 2iǫ∂1φ+ 2ǫmφ.
(6.11)
This motivates us to change the variables as
b :=
ψ− + ψ+√
2
, c :=
ψ− − ψ+√
2
, (6.12)
so that the boundary condition is simply b = 0 at x1 = 0, π. In terms of these variables,
the fermionic part of the action can be written as
SF =
1
2π
∫
R×[0,π]
d2x
(
ib∂0b+ ic∂0c+ b(i∂1c+mc) + (−i∂1c+mc)b
)
(6.13)
From this we see that we also need to impose the boundary condition i∂1c +mc = 0 at
x1 = 0, π. Thus, we are led to the following mode expansion:
φ =
∞∑
n=1
φn( e
inx1 − e−inx1), (6.14)
b =
∞∑
n=1
bn( e
inx1 − e−inx1), (6.15)
i∂1c+mc =
∞∑
n=1
√
n2 + |m|2dn( einx1 − e−inx1), (6.16)
where
√
n2 + |m|2 is for later convenience. The last equation and its complex conjugate
are solved by
c = c0(x)−
∞∑
n=1
 n√n2 + |m|2dn( einx
1
+ e−inx
1
) +
m√
n2 + |m|2
d†n( e
inx1 − e−inx1)
 .
(6.17)
where c0(x) solves the equations i∂1c +mc = 0 and −i∂1c +mc = 0. A general solution
of the latter is given by
c0(x) = c
+
0 e
|m|x1 + c−0 e
−|m|x1 (6.18)
in which c±0 is “real” in the sense that
(c±0 )
† = ∓i m|m|c
±
0 . (6.19)
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In terms of these Fourier modes, the action can be written as S =
∫
dtL where
L = iξξ˙ +
∞∑
n=1
{
|φ˙n|2 − (n2 + |m|2)|φn|2 + ib†nb˙n + id†nd˙n +
√
n2 + |m|2(b†ndn + d†nbn)
}
,
(6.20)
in which ξ is the following complex combination of c+0 and c
−
0 :
ξ =
√√√√ eπ|m| − e−π|m|
4π|m|
(
ξ+ + iξ−); ξ± = e±π|m|/2
√
∓i m|m|c
±
0 . (6.21)
This system is indeed supersymmetric with respect to the variation
δφn = ǫbn, δbn = −iǫφ˙n, δdn = ǫ
√
n2 + |m|2φn, δξ = 0, (6.22)
that follows from (6.11). The system of φn, bn, dn for each n is the (complexified) super-
symmetric harmonic oscillator and the quantization is standard. In particular, it has a
unique supersymmetric ground state |0〉n. On the other hand, the zero mode system of
ξ has vanishing Hamiltonian and the two states |0〉0 and ξ|0〉0 are both supersymmetric
ground states. Thus, we see that the total system has two supersymmetric ground states
|0〉, ξ|0〉, (6.23)
where |0〉 = ⊗∞n=0|0〉n. In particular the index vanishes
Tr(−1)F = 0. (6.24)
The General Case
From the above analysis, we conclude in the general massive LG model that
Trab(−1)F = 0 for any a and b. (6.25)
Namely, the index vanishes not only for a 6= b but also for a = b. Moreover, in the case
where the quadratic approximation around the critical point is good enough, we see from
the above analysis that (for a = b) there are 2n supersymmetric ground states if there are
n LG fields, half bosonic and half fermionic;
|0〉, ξi|0〉, ξiξj |0〉, . . . , ξ1ξ2 · · · ξn|0〉. (6.26)
We claim that this is true for any critical point pa of a massive LG theory if the man-
ifold on which the superpotential is defined is Calabi-Yau (like Cn or (C×)n). Namely,
in such a theory, quadratic approximation is always exact as long as determining the
supersymmetric ground states is concerned. This can be seen by the correspondence of
the supersymmetric ground states and the boundary chiral ring elements. To explain this
it is best to perform topological twisting.
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6.3 Open Topological Landau-Ginzburg Model
The twisting can be performed, as usual, by gauging the U(1) R-symmetry by the
worldsheet spin connection. In the present case, the vector U(1) R-symmetry is broken
by the massive superpotential. We assume here that the target space M on which the LG
superpotential is defined is a non-compact Calabi-Yau manifold so that the axial U(1)
R-symmetry is unbroken and we can twist the theory (B-twist). Twisting changes the
spin of the fields as shown by the new notation below
ψ
ı
− = ψ
ı, ψ
ı
+ = ψ
ı
,
ψ− = ρ
i
z, ψ
i
+ = ρ
i
z,
(6.27)
(ψ, ψ are scalars while ρz and ρz define a 1-form). Energy-momentum tensor is exact with
respect to the operator
Q = Q+ +Q−, (6.28)
which is scalar after twisting, and we define the space of “physical operators” as the Q-
cohomology of the operators. The variation of the fields δ = −ǫQ in the new notation is
given by
δφi = 0,
δ(ψı − ψı) = ǫgıj∂jW,
δρiµ = −2ǫJνµ∂νφi,
δφ
ı
= ǫ(ψı + ψ
ı
),
δ(ψı + ψ
ı
) = 0,
(6.29)
where Jνµ is the worldsheet complex structure. From this we see that the physical op-
erators are the holomorphic functions of φi (i.e. holomorphic functions on M) modulo
functions of the form vi∂iW where v
i∂i is a holomorphic vector field on M . The physi-
cal operators are in one-to-one correspondense with the supersymmetric ground states of
the original LG model on the periodic circle (which are identified as the Q-cohomology
classes of states). The state corresponding to an operator O is the one that appears at
the boundary circle of the semi-infinite cigar of the twisted model where O is inserted at
the tip [50]. The correlation functions of operators O1, . . . , Os on a Riemann surface of
genus g is given by
〈O1 · · ·Os〉g =
∑
pa:critical point
O1(pa) · · ·Os(pa)(det ∂i∂jW )g−1(pa). (6.30)
Here the coordinates defining the derivatives ∂i∂jW are such that the holomorphic n-form
Ω is expressed as dφ1 ∧ · · · ∧ dφn (a choice of Ω is required because of the chiral fermionic
determinant).
The above summarizes the topological LG model on a Riemann surface without a
boundary [51]. One important thing to notice is that the operator Q in (6.28) is the one
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that is conserved when the theory is formulated on the strip with B-type boundary con-
ditions/interactions. This suggests that one can also consider twisting B-type boundary
theory. (B-boundary breaks the axial U(1)R but this is not a problem: the worldsheet-
boundary also breaks the local rotation symmetry.) For D0-branes in a massive LG model,
we only have to translate the boundary condition. The Wick rotation to the Euclidean
signature has to be made first on the strip [13]: we continue x0 → −ix2 and the complex
coordinate z that appears in (6.27) is defined by z = x1 + ix2. Then, the boundary
condition φi = const, ψi− + ψ
i
+ = 0 and ψ
ı
− + ψ
ı
+ = 0 is translated as
φi = const , (6.31)
ρin = 0, (6.32)
ψı + ψ
ı
= 0, (6.33)
where const is the coordintae value of a critical point, say pa, and ρ
i
n is the normal
component to the boundary. In particular, the fields remaining on the boundary are
θı := ψı − ψı, the tangent component ρiτ of ρi, and the normal derivatives of all fields
including ηı := ψı + ψ
ı
. The Q-variation of these fields can be read from (6.29) as
δ∂nφ
i = 0,
δθı = 0,
δρiτ = 2ǫ∂nφ
i,
δ∂nφ
ı
= ǫ∂nη
ı,
δ∂nη
ı = 0.
(6.34)
From this we see that Q-cohomology classes are made of θı and there are 2n of them:
1, θı, θıθ, . . . , θ1¯θ2¯ · · · θn¯. (6.35)
As in the case without boundary, there is a one-to-one correspondence between the su-
persymmetric ground states of the original LG model on the segement [0, π] and the
Q-cohomology classes of the boundary operators; The state corresponding to an operator
O is the one that appears at the back of a semi-infinite thin tang of the twisted model
where O is inserted at the tip [52]. Therefore, we have established from (6.35) that the
spectrum (6.26) of the supersymmetric ground states is an exact result.
Let us compute some correlation functions. We first consider the correlation functions
on the finite size cylinder, Σ = S1× [0, π]. We impose the boundary condition correspond-
ing to the D0-brane at pa and pb at the boundary circles S
1×0 and S1×π. If pa 6= pb, no
configuration is Q-invariant and therefore all the topological correlation function vanishes.
If pa = pb, the constant map to pa is Q-invariant and the path-integral can be exactly
performed by the quadtratic approximation around the constant map. Thus, we can com-
pute the correlators using the free massive theory. (One can consider it as a sum of n
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decoupled free system; Since the deformation of D-term does not affect the topological
correlation functions, one can choose the Kahler potential so that K =
∑n
i=1 |Φi|2 + · · ·
at the same time as W =
∑n
i=1miΦ
2
i + · · ·.) First thing to notice is that there are 2n
fermionic zero modes on the cylinder; for each i the functions c0(x) and c0(x) as in (6.18)
with |m|c±0 = ∓imc±0 define the zero mode. Thus, we must insert 2n fermionic operators
for the amplitude to be non-vanishing. In particular, the partition function vanishes (this
rederives Tr(−1)F = 0). Now, let us insert
(θ)n := θ1¯θ2¯ · · · θn¯ (6.36)
at a point of each boundary circle. The computation reduces to that of the n = 1 free
massive theory which we have studied above. In fact we have already developed the
machinery of computation. Since θ = ψ− − ψ+ =
√
2c, what we want to compute is
Tr((−1)F e−βH2c(0)c(π)). (6.37)
It is easy to see that only the zero mode c0(0)c0(π) contribute in this computation. In
terms of the normalized variables ξ± or ξ, ξ, we have
c0(0)c0(π) =
(√
−i m|m| e
−
pi|m|
2 ξ+ +
√
i
m
|m| e
pi|m|
2 ξ−
)(√
−i m|m| e
pi|m|
2 ξ+ +
√
i
m
|m| e
−
pi|m|
2 ξ−
)
=
m
|m|( e
π|m| − e−π|m|)ξ−ξ+ = 2πim ξξ. (6.38)
Then (6.37) is
4πim
(
〈0|ξξ|0〉 − 〈0|ξξξξ|0〉
)
= 4πim(0− 1) = −4πim. (6.39)
We note that m is the second derivative of the superpotential W ′′(φ = 0) = 2m. Thus,
the correlation function in the general case is given by (up to a numerical factor)
〈(θ)n(0)(θ)n(π)〉aacylinder = det ∂i∂jW (pa). (6.40)
On the other hand, by the factorization of the topological correlators, we have
〈(θ)n(0)(θ)n(π)〉aacylinder = 〈(θ)nOc〉adiskηcd〈Od(θ)n〉adisk, (6.41)
where ηab is the inverse matrix of ηab =
∑
cOa(pc)Ob(pc)/ det ∂i∂jW (pc). If we choose
as the basis of physical operators the functions ǫa such that ǫa(pb) = δa,b, then we have
ηab = δa,b det ∂i∂jW (pa). It thus follows from (6.40) and (6.41) that 〈(θ)nǫa〉adisk = 1. Also
it is obvious that 〈(θ)nǫb〉adisk = 0 if b 6= a. To summarize, we have obtained
〈(θ)nO〉adisk = O(pa). (6.42)
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The Sine-Gordon Model
As an example, let us consider the N = 2 supersymmetric sine-Gordon model; the LG
model of a cylindrical variable e−Y with the superpotential
W = e−Y + q eY . (6.43)
This superpotential has two critical points e−Y = ±√q at which the Hessian is ∂2YW =
±2√q. Some non-vanishing sphere amplitudes are
〈 e−Y 〉S2 = 1, (6.44)
〈 e−Y e−Y e−Y 〉S2 = q. (6.45)
On the other hand, the disk amplitudes are computed using (6.42) as
〈θ〉±disk = 1, (6.46)
〈θ e−Y 〉±disk = ±
√
q, (6.47)
where the superscript ± stands for the location of the D-brane, e−Y = ±√q.
6.4 Comparison to the Sigma Models
The sigma model on an n-dimensional toric manifold is mirror to a LG model of n
variables. As shown in Section 4.5, the D0-branes in such a LG model are the mirror of
the D-branes wrapped on a certain Lagrangian torus. Thus, such D-branes in the toric
sigma model must have the same properties as D0-branes in the LG model studied in
this section when the theory is massive: Open string Witten index must be zero for any
pair of D-branes; Space of supersymmetric ground states must be 2n dimensional as in
(6.26); the topologically twisted theory must have the same correlation functions. Here
we check some of these properties directly in the non-linear sigma model (although it is
not necessary because we have a proof of the mirror symmetry).
For our purpose, it is convenient to start with twisting the theory. We are now
considering A-twist where Q = Q++Q− becomes the scalar operator that defines “phys-
ical operators”. If we put A-type boundary condition/interaction, we can also consider
twisting the theory with boundaries. We recall that our D-brane is wrapped on a real
n-dimensional torus T embedded in the toric manifold X . The theory has t, the complex-
ified Kahler class, and si, the parameters determing the location of T and the holonomy
of flat U(1) bundle on T (which are related so that ( e−si) is at the critical point of (4.45)).
The twisted theory depends only on these parameters and independent of the detail of
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the metric. In particular, one can choose the metric of X so that a neighborhood of T is
that of the n-torus T n in the flat cylinder Cn/Zn, where T n is the real section Rn/Zn.
This is possible at the values of si we are choosing.
Now, the A-twist changes the spin of the fermions so that the following renaming is
natural
ψi− = χ
i, ψ
ı
+ = χ
ı,
ψ
ı
− = ρ
ı
z, ψ
i
+ = ρ
i
z.
(6.48)
The boundary condition φi = φ
ı
, ψi− = ψ
ı
+ and ψ
ı
− = ψ
i
+ is translated to
φi = φ
ı
, (6.49)
χi = χı, (6.50)
ρız = ρ
i
z, (6.51)
where z is a worldsheet coordinate whose real part is normal to the boundary. The
variation δ = ǫQ of the remaining variables at the boundary is given by
δ(φi + φ
ı
) = ǫ(χi + χı), (6.52)
δ(χi + χı) = 0, (6.53)
δ(ρız + ρ
i
z) = 2iǫ(∂zφ
i − ∂zφı). (6.54)
From this we see that the Q-cohomology classes are in one-to-one correspondence with
the de Rham cohomology classes of the torus T n, or
Q-cohomology group = H∗DR(T
n), (6.55)
just as Q-cohomology group = H∗DR(X) in the bulk theory. By the state-operator cor-
respondence as before, this is identified as the space of supersymmetric ground states of
the theory on the segment with the same boundary condition at the two ends. Obvi-
ously, H∗DR(T
n) is 2n-dimensional and has a basis like (6.26). In particular, Witten index,
identified as the Euler number of T n, vanishes.
The CP1 Model
Let us consider the CP1 model. This theory is mirror to the sine Gordon model with
q = e−t and must reproduce the result obtained in the previous subsection. As we
have seen in Section 4.6, the D-branes for the two values of (si), s1 = s2 = t/2 and
s1 = s2 = t/2+πi, are both wrapped on the equator of CP
1 but differ in the Wilson line.
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The topological CP1 sigma model for worldsheet without a boundary has been well-
studied. It has two operators 1 and H where H is a second cohomology class represented
by a delta-function 2-form at a point of CP1. Non-vanishing sphere correlation functions
are
〈H〉S2 = 1, (6.56)
〈HHH〉S2 = e−t. (6.57)
The first comes from the constant maps; one insertion of H require the insertion point to
be mapped a given point of CP1 and there is only one such map. The second comes from
the degree 1 maps; the three insertions of H requires three insertion points to be mapped
to given three points (one for each) of CP1 and there is one such map. The factor e−t
comes from the classical action. The result (6.56) and (6.57) are in agreement with (6.44)
and (6.45) under the identification H = e−Y .
Now let us consider the amplitudes on the disk D2. The non-trivial boundary oper-
ator is the first cohomology class of the equator T of CP1 which is represented as the
delta function 1-form at a point of T . We denote it by ϑ. Let us count the number of
deformations of maps in some classes. First, the constant maps. Since the boundary ∂D2
must be mapped to the equator T , the whole disk must also be mapped to T . Obviously,
there is a one dimensional modulus — the position in T . Next, degree one maps. As is
well-known, SL(2,R) can be considered as the parameter space of such maps (it comes
from the action on the upper-half plane as ζ → (aζ + b)/(cζ + d)). Thus, the parameter
space is three-dimensional. The maps of higher degree have more moduli. For an ampli-
tude to be non-vanishing, the number of moduli must match with the axial R-charge of
the inserted operators.
Now let us consider an amplitude with just a ϑ insertion at a point of the boundary
∂D2. Since one ϑ has axial R-charge 1 only the constant maps can contribute. The
insertion of ϑ requires the insetion point to be mapped to a given point in T . There is
only one such constant map. Thus, we obtain
〈ϑ〉±D2 = 1, (6.58)
where the superscript ± distinguishes the U(1) holonomy of the D-brane. Next let us
consider the case where ϑ is inserted in ∂D2 and H is inserted in the interior of D2. The
total axial R-charge is 3 and thus, degree one maps can contribute. The insertion of H
requires the insertion point to be mapped to a given point in CP1. This reduces the
3 moduli to one. The insertion of ϑ further reduces the moduli and there is only one
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map obeying the requirement. The classical weight is e−t/2 or e−t/2+πi depending on the
Wilson line of the D-brane. Thus. we obtain
〈ϑH〉±D2 = ± e−t/2. (6.59)
The results (6.58) and (6.59) reproduce the sine-Gordon result (6.58) and (6.59).
Remark. Open topological field theory has been studied from axiomatic point of view
in [53, 54].
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